
11.2 Abelian Groups of prime power order

Before we cover the classification of abelian groups, we must first understand direct products 
and abelian groups whose order is a prime power.

Proposition 11.2.1. Let 𝐶𝑛 and 𝐶𝑚 be finite cyclic groups such that gcd(𝑚, 𝑛) = 1. Then 
𝐶𝑛 × 𝐶𝑚 ≅ 𝐶𝑛𝑚.

Proof. Let 𝑚, 𝑛 ∈ ℕ be such that gcd(𝑚, 𝑛) = 1. The group 𝐶𝑛𝑚 is generated by a single 
element 𝜌 whose order is 𝑛𝑚. Now 𝐶𝑛𝑚 is cyclic and so it is abelian. Hence every subgroup 
of 𝐶𝑛𝑚 is normal.
Let 𝐺 = ⟨𝜌𝑚⟩ ≤ 𝐶𝑛𝑚 and 𝐻 = ⟨𝜌𝑛⟩ ≤ 𝐶𝑛𝑚. Since 𝑜(𝜌𝑚) = 𝑛 and 𝑜(𝜌𝑛) = 𝑚 we have 
𝐺 ≅ 𝐶𝑛 and 𝐻 ≅ 𝐶𝑚.
Every subgroup of 𝐶𝑛𝑚 is normal. Therefore 𝐺⊴𝐶𝑛𝑚 and 𝐻⊴𝐶𝑛𝑚. Moreover, if 𝜌𝑘 ∈ 𝐺∩𝐻, 
then 𝑘 must be a multiple of 𝑚 and a multiple of 𝑛, which implies that 𝜌𝑘 = 𝑒. Hence 
𝐺 ∩ 𝐻 = ⟨𝑒⟩.
Hence 𝐺𝐻 is an internal direct product, so by Theorem 11.1.3,

𝐺𝐻 ≅ 𝐺 × 𝐻 ≅ 𝐶𝑛 × 𝐶𝑚.

Finally, we note that since 𝐺𝐻 ≅ 𝐶𝑛 × 𝐶𝑚, we have |𝐺𝐻| = 𝑛𝑚. Moreover, 𝐺𝐻 ≤ 𝐶𝑛𝑚 and 
|𝐶𝑛𝑚| = 𝑛𝑚. Therefore 𝐺𝐻 = 𝐶𝑛𝑚. Hence 𝐶𝑛𝑚 ≅ 𝐶𝑛 × 𝐶𝑚. ∎

Proposition 11.2.2. Let 𝐶𝑛 and 𝐶𝑚 be finite cyclic groups such that gcd(𝑚, 𝑛) ≠ 1. Then 
𝐶𝑛 × 𝐶𝑚 ≇ 𝐶𝑛𝑚.

Proof. Suppose, for a contradiction, that 𝜃 ∶ 𝐶𝑛𝑚 → 𝐶𝑛 × 𝐶𝑚 is an isomorphism. Now 𝐶𝑛𝑚
is cyclic, so 𝐶𝑛𝑚 = ⟨𝑔⟩ for some element 𝑔 of order 𝑛𝑚. Let 𝜃(𝑔) = (𝑎, 𝑏), for some 𝑎 ∈ 𝐶𝑛
and 𝑏 ∈ 𝐶𝑚. Since 𝜃 is an isomorphism, it must be the case that 𝑜((𝑎, 𝑏)) = 𝑜(𝑔) = 𝑛𝑚.
Let 𝑑 = gcd(𝑚, 𝑛) > 1, and write 𝑚 = 𝑟𝑑 and 𝑛 = 𝑠𝑑. Since 𝑑 > 1 we have that 𝑚𝑠 < 𝑚𝑛. 
Now (𝑎, 𝑏)𝑚𝑠 = (𝑎𝑟𝑑𝑠, 𝑏𝑟𝑑𝑠) = ((𝑎𝑠𝑑)𝑟, (𝑏𝑟𝑑)𝑠) = ((𝑎𝑛)𝑟, (𝑏𝑚)𝑠) = (𝑒, 𝑒). Thus, 𝑜((𝑎, 𝑏)) ≤
𝑚𝑠 < 𝑛𝑚. A contradiction. ∎

Example 11.2.3. Consider the following examples.

• 𝐶80 = 𝐶24⋅5 ≅ 𝐶24 × 𝐶5 (By Proposition 0.1.1)

• 𝐶7 × 𝐶52 ≅ 𝐶7⋅52 = 𝐶175 (By Proposition 0.1.1)

• 𝐶2 × 𝐶2 ≇ 𝐶4 (By Proposition 0.1.2)

• 𝐶2 × 𝐶22 × 𝐶23 and 𝐶23 × 𝐶23 and 𝐶26 are all nonisomorphic. (By Proposition 0.1.2)

We know the structure of all finite abelian 𝑝-groups.

Theorem 11.2.4. Let 𝑝 be a prime and let 𝐺 be a finite abelian group of order 𝑝𝑛. Then 
there are natural numbers 𝑒1, 𝑒2, … , 𝑒𝑡 such that 𝐺 is isomorphic to a direct product

𝐶𝑝𝑒1 × 𝐶𝑝𝑒2 × ⋯ × 𝐶𝑝𝑒𝑡 ,

where 𝑝𝑒1𝑝𝑒2 ⋯ 𝑝𝑒𝑡 = 𝑝𝑛, and this factorisation is unique up to reordering of the factors.
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Proof not covered in lectures. The proof is beyond the scope of this course, but for those 
interested it can be found in Section 11.3.

Example 11.2.5. Here we list (up to isomorphism) all abelian groups of order 8 = 23.

Shape  Decomposition of 23  Group  Remarks 
(3) 23 𝐶23 = 𝐶8

(2, 1) 22 ⋅ 21 𝐶22 × 𝐶2 ≅ 𝐶2 × 𝐶22

(1, 1, 1) 21 ⋅ 21 ⋅ 21 𝐶2 × 𝐶2 × 𝐶2

Hence, up to isomorphism there are 3 abelian groups of order 8.
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