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4 Normal subgroups, simplicity and Lagrange’s The-
orem

4.1 Cosets and normal subgroups

Definition 4.1.1. Let H < G and g € G. A (left) coset of H in G is something of the form
gH ={gh:h e H}.
There is also something called a right coset that has the form Hg, but we won’t use those in this course (they

behave the same—just different notation). The set of all cosets of H in G is denoted by G/ H, so
G/H ={gH : g € G}.

@® Warning! In general G/H is not a group!
The number of distinct cosets of H in G is called the indexr of H in G and is denoted [G : H].
Example 4.1.2. We have S5 = {e, (12), (23), (13),(123),(132)} and H = ((12)) = S5. So H = {e, (12)}. Now
the coset (123)H = {(123)e, (123)(12)} = {(123), (13)} and the coset (12)H = {e, (12)} = H (check this). If we
list all the cosets (which you should do) we find there are only three: H and {(123),(13)} and {(132), (23)}.
Notice that every element in S3 lies in a coset and the cosets are either disjoint or equal.
Theorem 4.1.3. Let H < G be groups with a,b € G. The following are equivalent:
(i) a 'be H

(i) aH = bH

(#i) a € bH

(i) a = bh for some h € H
Corollary 4.1.4. Suppose H < G.

(i) For all a,b € G, either aH = bH or aH NbH = @. (i.e. Cosets of H in G are either disjoint or they
are equal.)

(ii) every element of G lies in a coset of H; and
(iii) for all g € G we have |H| = |gH]|.
Definition 4.1.5. A subgroup N of a group G is normal if g_lkg € N for all k € N and all g € G. Notation:
N 2 (. Equivalent definitions:
e N < G means that for all g € G we have gilNg =N
e N = G means that for all g € G we have Ng = gN

What is the point?!. Normal subgroups are special because we can “divide” by them and still get a group.
These are called quotient groups.

Example 4.1.6. The following are examples of normal subgroups.
(i) {eq)=2aq
(i) G=2@
(iii) If G is abelian and H < G, then H 2 G.
(Le. all subgroups of an abelian group are normal.)
Proof: We must show that the following holds for all h € H and all g € G:

g 'hg e H.
So, fix h € H and g € G. Now gilhg = gilgh (because G is abelian) and this equals egh = h € H.
Hence H = G.
(IV) 03 g S3.

Proof: You will prove this on a problem sheet.

@® Warning! When checking if H is normal in G, you must show that gflhg € H for
every element h € H and every g € G. It is not enough to check only some elements. Also, remember not to
fool yourself by assuming that G is abelian!
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4.1.1 Handout for Section 4.1

Question 4.1.7. Prove the three different definitions of a normal subgroup are equivalent (i.e. if a subgroup
satisfies one of them, then it satisfies them all).

Example 4.1.8. Let G be the group (R*, x), and let H be the subgroup (Q*, x).

(i) Since v2 € R*, we can consider the coset,

ﬁH:{ﬁXq:qu*}z{%ﬁ:n,mEZ, m,n%O}

.. . 1 * .
(ii) Since ; € R", we can consider the coset,

1 1
“H=1sxq:qeQ"t=Q"=H
2 2
So, sometimes a coset of H is equal to H. In fact, gH = H if and only if g € H. We see why in our
next theorem and its corollary.
Non-Example 4.1.9. The following is an example of a nontrivial proper subgroup that is not normal.

1 2
Let A be the matrix ( 0 1 ), and let H = (A), so H < GL(2,R). We claim that H is not a normal
subgroup of GL(2,R).

n 1 2 C
Proof: You can easily prove by induction that for n € N we have A" = 0 1n ) And (by multiplying
(1 -2
out) you can check that A" = ( 0 1n ) Hence

H={(g 21n>:nez}.

Now we know what H looks like, we can test for normality. To show H is not normal, we only need to

find a single pair A” € H and B € GL(2,R) forwhichB_lAnBtf_H. LetB=(:1)) i)EGL(ZR).
Then

-1 [ -2 1 1 2 1 2\ ([ -11 -16

e ()0 )8 305 W e

Proof of Theorem[].1.3 These were proved in Algebraic Structures, but here is one of the implications to
help jog your memory. All are nice and short and are good exercises for you.

(i) = : Suppose a”'b € H. Then there exists h € H such that a 'b = h, and so we know two things:
b=ahand a=>bh". Now anything in aH has the form ah' for some h' € H, but ah' = bh™'h' € bH. Therefore
aH € bH. On the other hand, anything in bH has the form bh' for some h' € H, but bh' = ahh' € aH.
Therefore bH € aH. Hence aH = bH. O

Proof of Corollary[{.1.7] All this was covered in Algebraic Structures, but here is the proof of again
because it is nice: Suppose aH NbH # @. Then there exists g € a N bH. Hence there exists hy, hy, € H such
that g = ahy = bhy. Therefore a = b(hgh;l) € bH. By Theorem this is equivalent to aH = bH. [
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4.2 Simplicity and Lagrange’s Theorem

Groups in which no nontrivial proper subgroup is normal are special, and play a special role in group theory.

Definition 4.2.1. A group G is simple if its only normal subgroups are {es) and G.
We will talk lots about simple groups later—they are very important.

Example 4.2.2. Any cyclic group of prime order, C,, is simple. Exercise: why? [Hint: try to write down
any subgroup of C5 and see what happens; then try again with C;. Now try in general with C,.]

The following observation is frequently useful.

Lemma 4.2.3. (Order Switching Lemma). Let N < G. Suppose g € G and k € N. Then there exist
k', k" € N such that
gk = /c'g and kg = gk".

Warning! This only works when one of the groups is normall!

Proof. Now gk € gN = Ng. Since everything in Ng can be written k'g for some k' € N, we must have that
gk = k'g for some k' € N. A similar argument works for kg € Ng = gN. O
Lemma 4.2.4. Let G be a group, with H < G and N 2 G. Then:
(i) HN = NH
(ii) HNN 2 H, and
(i) HN < G
Proof. You proved all of these things on problem sheets. O

You have already seen Lagrange’s theorem, but it is so important we cover it again here.

Theorem 4.2.5. (Lagrange’s Theorem). Let H be a subgroup of a finite group G. Then,
|G| =[G : H]-|H|.

In particular, the order of H divides the order of G.

Proof. Every element of G lies in some coset of H (by [4.1.4)), so we can write G as a union of cosets,

G=UgH.

geG

Some of these cosets will be equal and (because G is finite) there are only finitely many distinct cosets, so we
can write
G=gHUg,HU...g,H,

where all the cosets g; H are distinct. Recall that the number of distinct cosets of H in G is called the index
of H in G and is denoted by [G : H]. Hence n = [G : H].
By Theorem [f.T-4] distinct cosets are in fact disjoint. Therefore:

(i) Every element in G lies in one of the cosets g; H for some 1 < ¢ < n; and

(ii) No element in G lies in two or more of these cosets.
Hence |G| = |g1 H| + |g2H| + -+ + |9, H|. By}.1.4, all the cosets have the same size, so |G| = n|g; H| = n|H| =
[G: H]-|H]|. In particular, this implies that |H| divides |G]. O

A partial converse to Lagrange’s Theorem is due to Cauchy. We do not prove it here, since one can easily
deduce it from the Sylow Theorems that we will prove later in the course.

Theorem 4.2.6. (Cauchy’s Theorem). If G is a finite group and p is a prime number dividing |G|, then
G contains a subgroup of order p.
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4.2.1 Handout for Section 4.2

Here is an example of an infinite permutation group with an infinite normal subgroup (so the group is non-
simple).

Definition 4.2.7. Let Sym(Z) be the group of all permutations of the integers. This is an infinite permutation
group. A permutation o € Sym(Z) is called finitary if it only moves finitely many things in Z. For example,
the permutation (... —2 —101 2 ...) is not finitary, but (1 2 3) is finitary. The group FS(Z) consists of all
finitary permutations in Sym(Z). It is a normal subgroup of Sym(Z) (you will prove this on a problem sheet).
Hence Sym(Z) is not simple.



