13.7 Solutions to Exercises [7] - Exercises on the alternating
group

Solution. (Question Recall from lectures that there is an easy way to calculate the signature of a
permutation g € S,,:
e First write g as a product of disjoint cycles: g = ¢ico +¢,p,
e If r; is the length of the cycle ¢;, then o(c;) = (—1)”_1.
e o is a homomorphism, so o(g) = o(c;)o(ce) o(cn) = (=1) 7 (=1) " e (=1)™ 7",
e A, is all even permutations in S,, — that is all permutations in .S,, whose signature is equal to 1.
Using these properties, we can easily answer the question.
(a) g is written already as a product of disjoint cycles, so o(g) = (-1)* ' (=1)*""(~1)*" = 1. Hence
g ¢ Ajp-
() o(h) = (1) (=1)*""(=1)>""(=1)*" = 1. Hence h € Ay,.

(c) We can calculate 971 and then work out its signature. Or we can be clever and recall that 971 is just g
with all its cycles written backwards. Hence when g_1 is written as a product of disjoint cycles, all the
cycles used have the same lengths as those in g. Hence J(g_l) =o(g).

We have o(g™") = =1, 50 g ' ¢ Ay,.
(d) Since o is a homomorphism, o(gh) = o(g)a(h) = (=1)(1) = —=1. Hence gh ¢ A;,.
(¢) Again, since ¢ is a homomorphism, o(g” ' hg) = o(g” " )o(h)o(g) = (=1)(1)(=1) = 1. Hence g~ 'hg € Ay,.

Solution. (Question [7.4.2))

(a) A permutation with cycle shape (3,2,2,2) has signature
(=1)* ' (=1)>""(=1)*"(=1)*"" = =1. Hence (3,2,2,2) is not the cycle shape of any permutation in an
alternating group.

(b) A permutation with cycle shape (7,3,3,2,2) has signature
(=) (=1)>"(=1)*"(=1)*>'(=1)*>"" = 1. Hence any permutation with cycle shape (7,3,3,2,2) lies
in an alternating group.

(c) A permutation with cycle shape (5,5,5) has signature
(=1)°7'(=1)>""(=1)>"" = 1. Hence any permutation with cycle shape (5,5,5) lies in an alternating
group.

(d) A permutation with cycle shape (2,2,2,2,2) has signature
(=1)*""(-1)>"(-1)>"(-1)*"(-1)*"" = -1. Hence any permutation with cycle shape (2,2,2,2,2)
does not lie in an alternating group.

Solution. (Question|7.4.3)) Consider the following table of cycle shapes in Ss.

Cycle shape | Example of this cycle shape | Signature | In A3?
@ e 1 Yes
(2) (1 2) -1 No
(3) (12 3) 1 Yes

To list all elements in A; we only need to list all permutations in S3 with cycle shapes @ and (3). This is the
identity plus all possible 3-cycles. Hence:

Ay ={e,(123),(132)} = Cs.



Solution. (Question[7.4.4]) The hint describes the method and works through the cases when the largest cycle
is length 1 and when the largest cycle has length 2.

If the largest cycle has length 3, then the next largest might have length 1 or 2 but never 3 (because we are
in Ay so there are only 5 things to permute). Thus we have (* * *)(*) * or (* * *)(* *) and so it’s easy
to see the cycle shapes are (3) and (3,2).

If the largest cycle has length 4, then we have (* * * *) % so the only possibility is (4). If the largest cycle
has length 5, then we have (* * % % *) so the only possible cycle shape is (5). Hence, we have the following
table.

Cycle shape | Example of this cycle shape | Signature | In A7
@ e 1 Yes
(2) (12) -1 No
(2,2) (12)(34) 1 Yes
(3) (123) 1 Yes
(3,2) (123)(45) -1 No
(4) (1234) -1 No
(5) (12345) 1 Yes

Solution. (Question[7.4.5) Here is a list of all elements, broken down by cycle shape. We know (or will soon
see in lectures) that |A,| = |S,|/2 = n!/2, so |A5| = 60.

Cycle shape @:
(There is just one permutation with this shape)

Cycle shape (2): Not in Aj

Cycle shape (2)(2):
(Choose the element to be fixed first. There are 5 -3 = 15 permutations with this shape).

Cycle shape (3):

[1 fixed] (23)(45), (24)(35), (25)(34)
[2 fixed] (13)(45), (14)(35), (15)(34)
[3 fixed] (12)(45), (14)(25), (15)(24)
[4 fixed] (12)(35), (13)(25), (15)(24)
[5 fixed] (12)(34), (13)(24), (14)(23)

(There are 2 - (5 - 4/2) = 20 permutations with this shape)

(123)&(132), (124)&(142), (125)&(152),
(134)&(143), (135)& 3),
(145) & (154),

(234) & (243), (235)&(253),
(245) & (254),

(345) & (354).

Cycle shape (3,2): Not in As.



Cycle shape (4): Not in As.

Cycle shape (5):
(There are 5!/5 = 24 permutations with this shape)

(12345), (12354), (12435), (12453), (12534), (12543)
(13245), (13254), (13425), (13452), (13524), (13542)
(14325), (14352), (14235), (14253), (14532), (14523)
(15342), (15324), (15432), (15423), (15234), (15243)

These are the 60 elements in As.



