Tensor Analysis— Main Exam’s Answers

Question 1

(a) Compute the outer product M @ N of the following two matrices: [9 marks]
1 2 1 0 3
M:(Ol) andN:(01_1).

(b) Suppose T, is a rank-four tensor. Using the transformation rule, show that [8 marks]
T;;i; is a scalar.

(c) Using suffix notation, find an expression involving no cross products for [8 marks]

(uxv) (wxz).

Answers:
(a)
10 3 20 6
01 -1 0 2 —2
MoN=14909 0 10 3
00 0 01 —1




Question 2

In this question, denote by K the Cartesian coordinate system with vector basis
ij, iy, i3, the standard orthonormal basis of R3. Denote by K’ the coordinate
system with vector basis eq, e,, e3 given by

e =1
ey = i) —1i3

61:i1+i2+i3.

(a) Find the dual basis e?, e?, e®. [8 marks]

(b) Find the covariant and contravariant components of the vector V = 2i; +i,+2i3 [8 marks]
with respect to the bases ey, e,, e; and e!, e?, 3.

(c) Consider the second-order tensor of K with components [9 marks]
i , i 011
[Pa] = [P = [P¥] = [Pi] = (5 0-1).

Express the covariant components of the given tensor in the coordinate system
K.

Answers:
(a) The dual basis is

(b) Covariant components:
Vi=2 W=0, W=
Contravariant components:

(c)
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Question 3

Let A;; and B;;;, be tensors in a three dimensional generalised coordinate sys-
tem.

(a) Write down the transformation rules for A;; and B, ;.. [8 marks]

(b) Using the transformation rules for A;; and B,;;, prove that the inner product [8 marks]
A;;jB;i is a tensor and state its rank.

: [9 marks]
(C) (|) Show that €ijk€ije = 2010.

(i) Suppose the tensors A;; and B;;;, are related by the rule
Bijk = €ijeAu.
Find an equation for A, in terms of B, ;. (Hint: Use the equality in (c)(i).)

Answers:
(@) A}, = L' L} Ay @and Bjy, = L LY, L3, By, Where L3, are the coefficients of
the direct transformation.

(b) Rank three: A;; By = L}LZ,LQ,AmanqT.

(€) A = %Eiijz‘jk-
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Question 4

The parabolic cylindrical coordinates are the three-dimensional orthogonal co-
ordinate system (2!, 2%, 2%) = (o, 7, ¢) with position r given by
r = o7 cos(¢)iy + o7 sin(@)iz + 1(0” — 7°)is,

where i, iy, i3 are the usual Cartesian basis vectors.

(a) Compute the basis vectors ey, e, e3 of the parabolic coordinate system.

(b) Compute the metric coefficients of the arc length and the components of the
covariant metric tensor g;; for the parabolic coordinate system.

(c) Determine the following Christoffel symbols of the first kind for the parabolic
coordinate system:

F1127 F1237 F1227 F233'

Answers:
(a)
e; = scos(¢)iy + ssin(@)iy + ris
ey = 1 cos(¢)i; + rsin(¢)iy — sis

e; = —rssin(¢)i; + rscos(¢)is.

(b) Arc length: (ds)? = (02 + 72)(do)? + (02 + 72)(d7)* + r?s*(dg)>.
Metric coefficients: hy = Vo2 + 72, ho = Vo2 + 72, hy3 = oT.

Nonzero components of the metric tensor: g, = 02+72, goo = 02+72, g33 = o272,

(c)
I'p =7,
['123 =0,
['9o = —o0,
[yg3 = —0T.
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[9 marks]
[8 marks]

[8 marks]



