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CHAPTER 1: SUFFIX NOTATION




Today: Chapter 1-Suffix Notation

= 89 9 =

Suffix Notation
The Kronecker Delta
The Alternating Tensor

The relationship between d;; and €y,
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REMINDER




RECALL: KRONECKER DELTA

The Kronecker delta J;; is defined by

5o {1 iti=j,
T 0 ifi#]

Properties

m Substitution tensor:

ijaj = @i,
5]'2'@]' = a;.
m Dot product:
a-b= 5ijaibj.



RECALL: ALTERNATING TENSOR

Definition.

The alternating tensor ¢;;; is defined by

0 if any of i, j, k are equal,
ek = +1  if (4,4,k) = (1,2,3), (2,3,1) or (3,1,2),
-1 if (4,5,k) = (1,3,2), (2,1,3) or (3,2,1).

Properties

In the following, we are using vector notation:

® ¢;;; keeps unchanged if indices are reordered by a cyclic
tation:
permutation e = i = i
m The sign of ¢;;, changes if any two of the suffices are
interchanged:

€ijk = —€jik-
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RELATIONS OF ALTERNATING TENSORS

Relations of alternating tensors

The alternating tensor ¢;;;, is related to
m The cross product of two vectors:
(a X b)z = e,'jkajbk.
m The determinant of 3 x 3 matrices:

| M| = €M1 Maj My, (row)
|M’ = EijkMileQng. (column)

m The scalar triple product:
a-(bxc)

that we will consider in the next slides.
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MORE ON ¢y,



THE ALTERNATING TENSOR AND THE SCALAR
TRIPLE PRODUCT

Definition.

The scalar triple product is a- (b X c).

Suffix notation
Let us write the scalar triple product in suffix notation.
Recall that the cross product and the alternating tensor are

related:
(b X C)i = fijkbjck-

Thus,

a-(bxc)=aibxc)
= ai(e@-jkbjck)

== eijkaibjck.
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EXAMPLE

Let us use the scalar triple product formula to show that

a-(bxc)=(axb)-c.

a- (b x c) = €;paibjcy (Scalar triple product)
= €kijaibjcy (using €5 = €xij)
= (Epp@ios e
= (a X b)kck

=(axb)-c
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EXAMPLE FROM LAST TIME

Example from last time

In the previous slide, we used suffix notation to show

a-(bxc)=(axb)-c.

We will now show the following using suffix notation

a-(bxc)=b-(cxa).
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EXAMPLE

Let us show
a-(bxc)=b-(cxa).

a- (b x c) = ¢jpaibjcy (Scalar triple product)
= ejkiaibjck (using €ijk = Ejki)
= bj€jricra; (just rearranging terms)
= bj(€jricrai)
= bj(c x a);

=b-(c xa).
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PRACTICAL QUESTION

Your turn!

Write the vector equation

axb+(a-d)c=e

in suffix notation.
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THE LEVI-CIVITA SYMBOL

The Levi-Civita Symbol

There is a more general symbol called the Levi-Civita Symbol:
€iy ig i3 .in-
It is defined using the following rules:

m If any two indices are interchanged the symbol is negated.

m If any two indices are equal the symbol equals zero.

Thus, €5 is just the Levi-Civita symbol in 3D space.
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THE RELATIONSHIP BETWEEN CSZJ
AND €,




RELATING 0;; AND €,

Relating 0;; and €,

One can relate deltas and epsilons as follows (suffix notation).

€ijk€kem = 0300jm — OimTje.

Remark
m There are four free indices 4, j, £, m.
m k is a repeated dummy index, and is summed over.

m This represents 81 equations!

(One for each choice of the quadruple i, j, £, m.)
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WHERE DOES THIS RELATIONSHIP COME FROM?

Let us show some cases

€ijk€kem = 03g0jm — OimOjg.

Consider ¢ = 1 and possible values for j.
mIf j =1, ¢jr = €114 = 0. This means that LHS is 0.
RHS is d1¢01m — 01m01¢ =0, as terms cancel.
m If j = 2, then €, = €121 = 0 unless k = 3.
When k = 3, the term €gsy, is zero unless (¢,m) = (1,2) or
(¢,m) = (2,1). Thus,
1, if (¢,m)=1(1,2)
€ijk€kim = €12k€kem = § —1, if ({,m) = (2,1)
0, otherwise .
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WHERE DOES THIS RELATIONSHIP COME FROM?

Let us show some cases

€ijk€kem = 0ig0jm — OimOjg.
Fori=1, j =2, k=3, we have
L, (6m) = (1,2)

€ijk€kim = €12kEkem = § —1, if ({,m) = (2,1)
0, otherwise .

The RHS is

1, if (¢,m)=(1,2)
01009m — O1mdoe = § —1, if (¢,m) = (2,1)

0, otherwise .
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EXAMPLE 1

Example 1

Use the relationship
€iikEhbm — 03£0jm — Oim05g-

to show that
(ax(bxc));=(a-c)b—(a-b)g.
In fact, we know that the cross product is given by
(V X 1); = €,V Up.

Thus
(a X (b X C))z = eijkaj(b X C)k
= €;jkAj€kembecCm

= €;jk€kemajbeCm.
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EXAMPLE 1

Example 1

Now, we use the relationship
€ijk€kem = 0300jm — Oimdip.
and get
(a X (b X c))z = eijkekgmajbgcm
= (5%5jm - 5im6jf)ajbfcm
= 0i¢0jmajbecm — dimdjea;bec,  (expand)
= amOigbeCm — apdimbicm (€.9. 0jma; = am)

= ambicm — agbeci, (e.g. dibe = b;)
= (a 5 C)bi — (a . b)Ci.
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PRACTICAL QUESTION

Your turn!

Simplify the following expressions (that are in suffix notation).

1. 5ij5jk5ki7

2. €ijk€ktmEmni-
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SUFFIX NOTATION AND RANKS

Intuition: What is the rank of a tensor?

Key idea: The number of free indices determines the rank (or
order) of a tensor.

m 0 free indices = rank-0 tensor (a scalar);
m 1 free index = rank-1 tensor (a vector);
m 2 free indices = rank-2 tensor (a matrix);

Important remark

This is only an intuition. Later we will see that an object must
satisfy additional transformation properties to genuinely qualify as
a tensor. So this should not be taken as a formal definition of rank.
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VECTOR DIFFERENTIAL OPERA-
TORS




SCALAR AND VECTOR FIELDS

Definition

m A scalar field is a map that assigns a real number to every
point in space.
¢:R*" >R

m A vector field is a map that assigns a vector to every point
in space.

¥ R" — R
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DIFFERENTIAL OPERATORS

Differential Operators

We will consider three differential operators:

m The gradient
m The divergence
m The curl

Each can be expressed in suffix notation to give more compact
formulations and easier calculations.

To do this we re-label the Cartesian coordinate system (z,y, z) as

(@1, 22, 23).
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THE GRADIENT

Definition.

The gradient of a scalar field is

o=l ),

dx1’ dxy” O

m The i-th component of the gradient is the partial derivative
with respect to x;.

m So in suffix notation we can simply write

0
Vihi= o

m The gradient of a scalar has one free index i, indicating the
result is a vector quantity.




THE GRADIENT-VISUALISATION

Consider first the gradient of a scalar field, V f:
aof Jf 0
oo (2.0 or)

dx1’ Oy’ Dxy

SEERELRRIRISIIRS
ILLRLIEKIR,
BERERCRXERRI:

E.g. the gradient of scalar field
f(z,y) = —(cos® z + cos? y)? is
shown by the vector field in the
bottom plane.




EXAMPLE: THE GRADIENT

Example: The Gradient

Let us find the gradient of

¢($17 T2, $3) = 3$1$§ — x%m%

at the point P = (—1,1,2).

vo— (228 00

dx1’ dxy’ x5

= (33:%, 9x123 — 2x2x§, —Qx%xg) .
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EXAMPLE: THE GRADIENT-PART 2

Example: The Gradient

_ (90 99 993 _ 3 2 _ 2 5.2

Thus, at P = (—1,1,2) we have

v¢|(—1,1,2) = (31‘%’ 9117113% - 23)23737 _21‘%:1"3)(_1’1’2)
= (3(1)% 9(-1)(1)* = 2(1)(2)*, —2(1)*(2)) ,
= (3,-17,-4)
— 31— 17j — 4k.

Note that i, j, k are the unit vectors (1,0,0), (0,1,0) and (0,0, 1)
respectively.




TASK: THE GRADIENT

Your turn!

Find the gradient V¢ of

1
d(x1,x9,23) = Ew%avg — 3x129 + ngg +1

at the point P = (3,1,0).
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THE DIVERGENCE

Definition.

The divergence of a vector field u is

_ 8U1 8'LL2 a’u,g _ 3’11,]‘ _ o
Vous 8.1/‘1 * (9.%2 * (9.’1,‘3 N 8:[,‘]‘ B vzu“

Remark.

m There is a dummy index j indicating the summation over
j=1,23.

m No free indices indicates the divergence of a vector is a
scalar quantity.



THE DIVERGENCE - VISUALISATION

The Divergence

The divergence of a vector field u is

. 8u1 8’11,2 8u3 . Guj

V'u—a—xl 8_x2 a—x?’—%jzviuza
\'\I/‘/ N\

7/1\\\ AN

E.g. divA > 0 ~ source or divA < 0~ sink
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EXAMPLE: THE DIVERGENCE

Example: The Divergence

Let us find V - A at the point @ = (1,1,1) for

A = 22221 — 20202 + xy0dask.

0 0 0
V-A=(—i+—-—j+=—k 9w2a2i 2k
(3$11+ 8:1:2'] 23 ) (xlavgl r5x3) + 12573 )

=0 (a2 +

0
By (—2$%1‘§) I o5 (mlxgacg)

9y

= 21:1:E§ — 4:E233§ + :Elasg.
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EXAMPLE: THE DIVERGENCE - PART 2

Example: The Divergence

Thus, at @ = (1,1,1) we have

VAl = 22123 — daoa} + 2173] 1,1,1)°
= 2(1)(1)* = 4(1)(1)* + (1)(1)?
= —1.

The divergence of a vector field is in fact a scalar quantity.

36



TASK: THE DIVERGENCE

Your turn!

Find V - A at the point @ = (2,1, 2) for

1
A= §:c‘i’x2i — (4z123 + 1)j + 2273k
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THE CURL

Definition.

The curl of a vector field u is

(9332 (91‘3’ 81123 8:131 ’ (91'1 8:1,‘2
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REMINDER: CROSS PRODUCT AND ALTERNATING

TENSOR

Because the curl uses the cross product, we can write it using
the alternating tensor.

Reminder: alternating tensor

The alternating tensor ¢;;;, is defined by

0 if any of 4, j, k are equal,
€ijk = +1 if (i,j, k;) = (1a 2, 3)7 (27 3, 1) or (
-1 if (¢,7,k) = (1,3,2), (2,1,3) or (

w w

Reminder: Alternating tensor and cross product

Recall that

(U X V)i = €UV
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CURL AND CROSS PRODUCT

Curl and cross product

The components of the curl are then

Oouy,
[V xu); = €k Vjup = €=
gk Vg ij )

Ox;

Remark.

m The dummy indices j and k indicate a double sum.

m The free index 7 indicates the curl of a vector is a vector
quantity.
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ExXAMPLE: THE CURL

Example: The Curl

Let us find the curl of

1
A= §x:1)’:c2i + (4w125 + 1)j + 2273k

at the point @ = (2,1, 2).

0 0 .

0 3 9 (1 4 .
_ |:8_$1 (x2{1:3) = 8_1'3 (5[131(1?2)] J
0 0 (1
+ [8_331 (4.%‘133‘3 + 1) s (5:1:“;’:102)] k
3

1
= 2314+ 0j + (41‘3 — 51‘1) k.
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EXAMPLE: THE CURL - PART 2

Example: The Curl

Thus, at @ = (2,1,2) we have

1
'VxAmmm:[£r+m+<@g——ﬁ>g
2 (2,1,2)

= 8i + 0j + 0k
= (8,0,0).
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TASK: THE CURL

Your turn!

Suppose
A = 22221 — 2222%) + xy 2023k

Find V x A at the point @ = (1,1,1).
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NEXT TIME ...

Next time...

m Vector differential operators,

m Combinations of grad, div and curl.
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