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REMINDER

m The Portfolio Test will take place on 11 March, 2026.

» Duration: 1:15 minutes (4+25 minutes if you are entitle to extra
time).

» Main Cohort: INB2101

» PASS or Reasonable adjustments: DCB1105

m The content covers everything we have learned up to the end
of this week.



PORTFOLIO ASSESSMENT

Portfolio overvie
Part A — Take-home (25%)

m Questions are already available.

m Complete at your own pace at home.
m You must bring Part A with you to the TCA.

Part B — Time Constrained Assessment (TCA) (75%)
m Takes place this week on 11 March 2026

Submission
m Submit Part A and Part B together as a single PDF file.

m If you cannot submit both together, e-mail part A to me.




CHAPTER 5: TENSORS IN GENER-
ALISED COORDINATE SYSTEMS




Today: Chapter 5 Tensors in generalised coordinate systems

Covariant, contravariant and mixed components of a tensor,
Associated tensors,

The metric tensor,

1.
2.
3.
4.

Higher order tensors in generalised coordinates.




REMINDER




FIRST RANK TENSORS

Covariant and contravariant - first-rank tensors

In a generalised coordinate system in 3D, a first-rank tensor (i.e. a
vector) A is uniquely determined either by

m its three covariant components A;,
m its three contravariant components A’
Covariant and contravariant components are related:
A; = gin AF,
Al = gik A,

where g, and ¢** are determined by the basis of the coordinate
system .



SECOND-RANK TENSORS - COVARIANT AND CON-
TRAVARIANT COMPONENTS

Second-rank tensors - covariant and contravariant components

In dimension 3D, a second rank tensor is specified by its nine
components, which can be

m covariant A;,
m contravariant A%,

® mixed A", A"




SECOND-RANK TENSORS - NOTATION OF MIXED
COMPONENTS

Notation

Notice that the mixed components are denoted with dots:
AF  and A
) ke

The dot in the mixed components emphasizes the order of
occurrence of the indices.

For instance, in A;k , the first index is “covariant" and the second
“contravariant':

“A%k _ (Ai)k”

while in A, the first index is “contravariant" and the “second
covariant"’:

“A?k — (Ai)k”-




SECOND-RANK TENSORS - TRANSFORMATIONS

Second-rank tensors - transformations

The components are transformed via:
ik = LyLi Aum,
A/zk Lz Lk Afm
k LTk
AR = Lo LY A",
Al =LY Lm AL

where LY and L¥ (i,k =1,2,3) are the coefficients of the direct
and the inverse transformations.




SECOND-RANK TENSORS - RELATIONS BETWEEN
COMPONENTS

Second-rank tensors - relations between components

The relations between the various components of a tensor are:

A = guugimA"™ = gre A = gi A%,
Aik _ gilgkmAém _ gwAgk _ ngA?Z’
Al = g Ay = g A®,
Al = g Ay, = greA™.




SECOND-RANK TENSORS — SYMMETRY AND
ANTISYMMETRY

Second-rank tensors — Symmetry and Antisymmetry

Symmetry and antisymmetry apply only to pairs of indices in the
same positions:

(] Al,f is symmetric in ¢ and k if

il 4l
Aik - Akz

[ Bf’; is anti-symmetric in ¢ and k if

B% = B~




INDICES IN DIFFERENT POSITIONS

Indices in different positions

Last week, we showed that if
m A, is a covariant tensorand

m B’ is a contravariant tensor,

then A; + B does not form a tensor.




ASSOCIATED TENSORS




LOWERING INDICES

Lowering indices

Given a tensor, we can derive other tensors by raising or
lowering indices.

For instance, given the tensor A,,, by raising the index p, we
obtain the tensor A%

(The dot indicates the original position of the moved index.)

By raising the index ¢ as well, we obtain A",

Remark:

Sometimes the dots might be omitted.




DERIVING NEW TENSORS

Deriving new tensors

These derived tensors can be obtained by forming inner products of
the given tensor with the metric tensor g,, or gP?:

Al =g"P Ay and A = gpA™
Rule:
m On (both) RHS: look for repeated index (in this case r).
m We then replace this index according to the metric tensor:

» ¢"P and g,, both mean we replace r with p.

m Raise or lower the index according to the metric tensor:

> ¢"P means we raise p, while

»> g, means we lower p.




DERIVING NEW TENSORS - SECOND EXAMPLE

Deriving new tensors - Second Example

Another example is
APY = grpgqurs-

Again, we use the rules:

m On RHS: look for repeated indices (in this case r and s).

m Replace these indices according to the metric tensor:

» ¢"P means replace r with p
» and ¢°? means we replace s with q.

m Raise or lower the index according to the metric tensor:

» ¢"P and ¢°? mean we raise p and ¢, respectively.




DERIVING NEW TENSORS - THIRD EXAMPLE

Deriving new tensors - Third Example

We also have
AP = grqA?g

m On RHS: look for repeated index (in this case q).

m Replace this index according to the metric tensor:

» g, means we replace ¢ with .

Raise or lower the index according to the metric tensor:

»> g, means we lower 7.




DERIVING NEW TENSORS - LAST EXAMPLE

Deriving new tensors - Last Example

The following holds:

A?-Zl.tk = gpkgsngrmAZ:-S;?
Rules:
m On RHS: look for repeated indices (in this case p, r, and s).

m Replace these indices according to metric tensors:
» ¢P% means replace p with k,
» g, means replace s with n, and
> ¢"™ means replace r with m.
m Raise or lower the index according to the position of the
indices in the metric tensor:
> ¢P% and ¢°? mean we raise k and ¢, respectively,

> g5, means we lower n.




ASSOCIATED TENSORS

Associated tensors

All tensors obtained as in the previous slides (by lowering or
raising indices) are called associated tensors of the given tensor.

Example

AP and A, are associated tensors. The relation between them is
given by

Ap = gpgA? or AP =gP1A,.




ASSOCIATED TENSORS - CARTESIAN COORDINATES

Associated tensors - Cartesian Coordinates

For Cartesian coordinates,

L, ifp=gq,
P10, ifptaq

As we have AP and A, are associated tensors with relation given by
Ap =gpgA? or AP =gP1A,.

We see that in a Coordinate system, A, = AP.

This explains why no distinction was made between contravariant
and covariant components of a vector earlier.




THE METRIC TENSOR




METRIC TENSOR AS COMPONENTS OF A TENSOR

Metric Tensor as components of a tensor

The quantities gix, g%, g;k are actually the components of a
second-rank tensor, called the metric tensor.

Let us show that g;; is in fact a second-rank tensor. By defintion
9 = € - €, = (Lier) - (Lten)
= LS50 (er - em) = LY LT gom.

We obtained that
ggk = Lf’LZ’Lgfm

that is, g;r is a tensor of rank 2.




METRIC TENSOR AS COMPONENTS OF A TENSOR -
PART 2

Metric Tensor as components of a tensor

Similarly,

g/’ik — e/'i . 1k — L?Lk/ (ef .e ) LZ Lk Zm

9" = e} " = LiL} (e, e™) = Li Ly g/

We then see that
m g;; are the covariant components of some tensor,
m ¢'* are contravariant components of some tensor,

(] g;k are mixed components of some tensor.




METRIC TENSOR AS COMPONENTS OF A TENSOR -
PART 3

Question

Are g, g%, and g;k components of the same tensor?

Let us check

To verify that all these quantities are components of the same
tensor, we need only show that they are connected by relations of

the form . ; .
Aik = Gugkm A = g Ay = g AL,

A’ik _ gifgkmAem _ gzZAek' _ ngA?p
AF = g* Ay = gy A,
Al = g* Ay = greA™.



METRIC TENSOR AS COMPONENTS OF A TENSOR -
PART 4

Metric Tensor as components of the same tensor

It follows from the definition of g;; and the properties of the basis
e1, €2, e3 and its dual e!, €2, e? that

A
€; = give .
Therefore

gix = €i - e, = (gie’) - (grme™) = giegrm (e’ - €™) = gigkmg™,

gik = €; - e, = (gie’) - ex = givgh

as required.




HIGHER ORDER TENSORS IN GEN-
ERALISED COORDINATES




HIGHER ORDER TENSORS IN GENERALISED
COORDINATES

Higher order tensors in generalised coordinates

m In a generalised coordinate system, a tensor of rank n has 3"
components.

m However, it can have various kinds of components. That is,
covariant, contravariant and mixed components.




COMPONENTS OF HIGHER ORDER TENSORS IN GEN-
ERALISED COORDINATES

Example

A third-rank tensor has 3% = 27 components. But it has mixed

components A;.‘,f, A?}d, ... which transform according to the
formulae ”
Azk - L Anfn?

/
At = Lﬁn k,Lf AT ete

Here we say that A;',f is a mixed tensor with two covariant indices
and one contravariant index (and similarly for A%Y).




NEXT LECTURE

Next time...

m Chapter 6: Tensor Algebra

» Addition of tensors,
» Multiplication of tensors,
» Contraction of Tensors.
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