TENSOR ANALYSIS

SLIDES WEEK 25 — LECTURE 1

PAULA LINS i~ UNIVERSITY OF

#: LINCOLN

2025/26



TENSOR ALGEBRA




Chapter 6: Tensor Algebra

1. Addition of tensors,
2. Multiplication of tensors,

3. Contraction of tensors.




INTRODUCTION




PRODUCTS OF TENSORS SO FAR

Products of tensors so far

We already know some types of products related to tensors. For
example,

m The scalar product: R x R?® — R? given by
(r,v) — rv = (rv1, vy, TU3).
m The dot product: R? x R? — R given by

(v,u) = v-u = wvju + voug + vsus.




PRODUCTS OF TENSORS SO FAR - PART TWO

Products of tensors so far

We already know some types of products related to tensors. For
example,

m The cross product: R? x R3 — R given by
(v,u) — v x u = (vaug — vsug, —(vius — v3uy), viug — VU1 ).

m The matrix products:
Mat,, xx(R) X Matgxpn(R) = Mat,,xn(R)

given by
(A,B) — AB.



CREATING NEW TENSORS FROM EXISTING ONES

Creating new tensors from existing ones

We will now explore various operations involving tensors:

m Addition and subtraction of tensors,
m QOuter product,

m Contraction of tensors.

Each of these operations provides a method to generate new
tensors from existing ones.




ADDITION OF TENSORS




ADDITION OF SECOND RANK TENSORS

Addition of second rank tensors

We will now explore the sum of tensors. Let us start with the rank
two case.

m Let A;; and Bj be the covariant components of two
second-rank tensors.

m We can define their sum as Cj, = A + Big.

However, we need to make sure that C;; are the components of a
covariant second-rank tensor for this to make sense.

Let us check whether this is the case.




ADDITION OF SECOND RANK TENSORS—PART 2

Addition of second rank tensors

We know:

m A;; and By are the components of two second-rank tensors.
Thus

> A, =L7LY Ay, and B, = L' LY, By,
m We need to show:
> Cl, = L7LY,Crnp.

We have , . )
ik = A + By,

= LZL Z’(Amn + an)
= LZLLZ/Cmn



ADDITION OF SECOND RANK TENSORS - PART 3

Addition of second rank tensors
Adding two covariant second-rank tensors A;ir and Bji results in

another covariant second-rank tensor
Aii + B, = Ci,.

This new tensor is called the sum of A;, and Bj.




ADDITION OF SECOND RANK TENSORS - PART 4

Addition of second rank tensors
Similarly, we can show that

m Adding two rank two contravariant second-rank tensors gives a
contravariant second-rank tensor

Aik + Bik — Czk‘

m Adding two rank two mixed second-rank tensors gives a mixed
second-rank tensor:

> Al + B =Ct,
> Ak + B =CiF.




ADDITION OF SECOND RANK TENSORS - DIFFER-
ENT POSITIONS

Addition of second rank tensors - different positions

Adding second-rank tensors of different structures (covariant,
contravariant or mixed components) does not give a tensor!

Example

Let A;;, and A% be the components of covariant and of a
contravariant tensor, respectively.

Then the transformation rules are
m Al = LPLY Ay, and

m B'* = Li LK Bmn,



ADDITION- DIFFERENT POSITIONS - PART 2

Addition of second rank tensors - different positions

For the sum to be a tensor, we need that one of the following holds:

m Cj;, = A, + B transforms according to
e = L' LYCpng (covariant),
m C* = Ay, + B transforms according to
C* = ¥ LK cmn (contravariant),

[ C’Zik = A, + B* transforms according to

CF=rLpLFcm  (mixed)

[ C’?',C = A, + B* transforms according to

: -/

m

(mixed).




ADDITION- DIFFERENT POSITIONS - PART 3

Addition of second rank tensors - different positions

However
Al + Bl = LPLY Ay + L LE B™

cannot be further simplified and it does not satisfy any of the four
transformation rules.

It follows that '
Aik +sz

1s not a tensor.




ADDITION OF ARBITRARY RANK TENSORS

What about tensor of arbitrary rank?

Addition of arbitrary rank tensors

Addition of any number of tensors of arbitrary rank is defined
similarly:
Pijk = Aijk + Bijk + Ciji
Qiik — pik | piik
-jke -jke -jke

@
=+
g

Important!

Tensors of different ranks and structures (covariant,
contravariant and different types of mixed tensors) cannot be
added.



EXAMPLE — ADDITION OF SECOND-RANK TENSORS

Example — addition of second-rank tensors

Recall that rank-two tensors can be represented by matrices.
Consider the following:

0 -2 -3 7T 8 9
Mij = 1 2 ) and Nij =(6 5 4].
1 3 4 1 2 3

By definition their sum is the tensor
Cij = Mi;j + Nij,

which is a matrix whose (7, j) component is M;; + N;;. Thus,

0o -2 -3 7 8 9 7 6 6
[Ci;] = [My; + Nyj] = (1 2 5 ) + (6 5 4> — (7 7 9).
1 3 4 1 2 3 2 5 7




NEXT LECTURE

Next time...

m Chapter 6 - Tensor Algebra

» OQuter product,
» Contraction of tensors.
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