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Tensor Algebra



Chapter 6: Tensor Algebra

1. Addition of tensors,

2. Multiplication of tensors,

3. Contraction of tensors.
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Introduction



Products of tensors so far

Products of tensors so far

We already know some types of products related to tensors. For

example,

The scalar product: R× R3 → R3 given by

(r,v) 7→ rv = (rv1, rv2, rv3).

The dot product: R3 × R3 → R given by

(v,u) 7→ v · u = v1u1 + v2u2 + v3u3.
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Products of tensors so far - Part two

Products of tensors so far

We already know some types of products related to tensors. For

example,

The cross product: R3 × R3 → R given by

(v,u) 7→ v × u = (v2u3 − v3u2, −(v1u3 − v3u1), v1u2 − v2u1).

The matrix products:

Matm×k(R)×Matk×n(R) → Matm×n(R)

given by

(A,B) 7→ AB.
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Creating new tensors from existing ones

Creating new tensors from existing ones

We will now explore various operations involving tensors:

Addition and subtraction of tensors,

Outer product,

Contraction of tensors.

Each of these operations provides a method to generate new

tensors from existing ones.
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Addition of tensors



Addition of second rank tensors

Addition of second rank tensors

We will now explore the sum of tensors. Let us start with the rank

two case.

Let Aik and Bik be the covariant components of two

second-rank tensors.

We can de�ne their sum as Cik = Aik +Bik.

However, we need to make sure that Cik are the components of a

covariant second-rank tensor for this to make sense.

Let us check whether this is the case.
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Addition of second rank tensors�Part 2

Addition of second rank tensors

We know:

Aik and Bik are the components of two second-rank tensors.
Thus

▶ A′
ik = Lm

i′ L
n
k′Amn, and B′

ik = Lm
i′ L

n
k′Bmn.

We need to show:
▶ C ′

ik = Lm
i′ L

n
k′Cmn.

We have
C ′
ik = A′

ik +B′
ik

= Lm
i′ L

n
k′Amn + Lm

i′ L
n
k′Bmn

= Lm
i′ L

n
k′(Amn + Bmn)

= Lm
i′ L

n
k′Cmn.
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Addition of second rank tensors - Part 3

Addition of second rank tensors

Adding two covariant second-rank tensors Aik and Bik results in

another covariant second-rank tensor

Aik +Bik = Cik.

This new tensor is called the sum of Aik and Bik.
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Addition of second rank tensors - Part 4

Addition of second rank tensors

Similarly, we can show that

Adding two rank two contravariant second-rank tensors gives a

contravariant second-rank tensor

Aik +Bik = Cik.

Adding two rank two mixed second-rank tensors gives a mixed

second-rank tensor:

▶ Ai
·k +Bi

·k = Ci
·k,

▶ A·k
i +B·k

i = C ·k
i .

.
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Addition of second rank tensors - differ-

ent positions

Addition of second rank tensors - di�erent positions

Adding second-rank tensors of di�erent structures (covariant,

contravariant or mixed components) does not give a tensor!

Example

Let Aik and Aik be the components of covariant and of a

contravariant tensor, respectively.

Then the transformation rules are

A′
ik = Lm

i′ L
n
k′Amn, and

B′ik = Li′
mLk′

n B
mn.
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Addition- different positions - Part 2

Addition of second rank tensors - di�erent positions

For the sum to be a tensor, we need that one of the following holds:
Cik = Aik +Bik transforms according to

C ′
ik = Lm

i′ L
n
k′Cmn (covariant),

Cik = Aik +Bik transforms according to

Cik ′ = Li′
mLk′

n C
mn (contravariant),

C ·k
i = Aik +Bik transforms according to

C ·k
i

′ = Lm
i′ L

k′
n C

m
·n (mixed)

Ci
·k = Aik +Bik transforms according to

Ci
·k
′ = Li′

mLn
k′C

n
·m (mixed).
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Addition- different positions - Part 3

Addition of second rank tensors - di�erent positions

However

A′
ik +B′

ik = Lm
i′ L

n
k′Amn + Li′

mLk′
n B

mn

cannot be further simpli�ed and it does not satisfy any of the four

transformation rules.

It follows that

Aik +Bik

is not a tensor.
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Addition of arbitrary rank tensors

What about tensor of arbitrary rank?

Addition of arbitrary rank tensors

Addition of any number of tensors of arbitrary rank is de�ned

similarly:
Pijk = Aijk +Bijk + Cijk

Qijk = Dijk + Eijk

R·jkℓ
i = F ·jkℓ

i +G·jkℓ
i

etc.

Important!

Tensors of di�erent ranks and structures (covariant,

contravariant and di�erent types of mixed tensors) cannot be

added.
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Example � addition of second-rank tensors

Example � addition of second-rank tensors

Recall that rank-two tensors can be represented by matrices.

Consider the following:

Mij =

(
0 −2 −3
1 2 5
1 3 4

)
and Nij =

(
7 8 9
6 5 4
1 2 3

)
.

By de�nition their sum is the tensor

Cij = Mij +Nij ,

which is a matrix whose (i, j) component is Mij +Nij . Thus,

[Cij ] = [Mij +Nij ] =

(
0 −2 −3
1 2 5
1 3 4

)
+

(
7 8 9
6 5 4
1 2 3

)
=

(
7 6 6
7 7 9
2 5 7

)
.
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Next Lecture

Next time...

Chapter 6 - Tensor Algebra

▶ Outer product,
▶ Contraction of tensors.
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