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Tensor Algebra



Chapter 6: Tensor Algebra

1. Addition of tensors,

2. Multiplication of tensors,

3. Contraction of tensors.
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Reminder



Reminder



Addition of second rank tensors

Addition of second rank tensors

We can add tensors of same rank and same structure.

For instance, for the rank two case, we have:

Sum of covariant second-rank tensors: Cik = Aik +Bik.

Sum of covariant second-rank tensors: Cik = Aik +Bik.

Sum of mixed second-rank tensors:
▶ C ·k

i = A·k
i +B·k

i .

▶ Ci
·k = Ai

·k +Bi
·k.

However, we showed that summing second rank tensors that do not

have the same structure does not give a tensor!

E.g. Rik + Sik and T ·k
i + U i

·k are not tensors.
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Addition of arbitrary rank tensors

Addition of arbitrary rank tensors

Addition of any number of tensors of arbitrary rank is de�ned

similarly:
Pijk = Aijk +Bijk + Cijk

Qijk = Dijk + Eijk

R·jkℓ
i = F ·jkℓ

i +G·jkℓ
i

etc.

Important!

Tensors of di�erent ranks and structures (covariant,

contravariant and di�erent types of mixed tensors) cannot be

added.
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Outer product of tensors



Outer product of second rank tensors

Outer product of second rank tensors

Consider two second-rank tensors with components Aik and Bik.

Imagine combining these tensors in the following way to form a

new tensor:

Cikℓm = AikBℓm.

These new components Cikℓm form a fourth-rank tensor, known as

the (outer) product of the original tensors Aik and Bik.

Let us show that this is the case.
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The outer product is a tensor

The outer product is a tensor

Let us show that

Cikℓm = AikBℓm

is a a fourth-rank tensor.

Aik and Bik transform via

A′
ik = Ln

i′L
p
k′Anp and B′

ℓm = Lr
ℓ′L

s
m′Brs,

Consequently, Ciklm transforms via:

C ′
ikℓm = A′

ikB
′
ℓm = Ln

i′L
p
k′Anp Lr

ℓ′L
s
m′Brs

= Ln
i′L

p
k′L

r
ℓ′L

s
m′ AnpBrs = Ln

i′L
p
k′L

r
ℓ′L

s
m′Cnprs.
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Outer product and different structures

Outer product and di�erent structures

We have seen that tensors of di�erent structures cannot be

summed.

But can we take the outer product of tensors with di�erent

structures?

Example

Let us examine whether the outer product

C · · ·ℓ
ijk = AijB

·ℓ
k

forms a rank-four mixed tensor, where Aij and B·ℓ
k re rank-two

covariant and mixed tensors, respectively.
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Outer product and different structures-

Example

Example

The transformation rules of Aij and B·ℓ
k are

A′
ij = Lm

i′ L
n
j′Amn,

B′·ℓ
k = Lp

k′L
ℓ′
q B

·q
p .

Consequently,
C ′ · · ·ℓ
ijk = A′

ijB
′·ℓ
k

= Lm
i′ L

n
j′Amn Lp

k′L
ℓ′
q B

·q
p

= Lm
i′ L

n
j′L

p
k′L

ℓ′
q AmnB

·q
p

= Lm
i′ L

n
j′L

p
k′L

ℓ′
q C · · · q

mnp ,

which follows the transformation law of a rank-four mixed tensor

(with three covariant and one contravariant components).
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Outer product and different structures -

Conclusion

Conclusion

Using similar arguments as in the previous example, we can show

that the outer product of any two tensors is a tensor.

Moreover, the structure of the new tensor is given by a

concatenation of the structures of the tensors in the outer product.

Examples

The outer product between the mixed tensors A·j
i and B·ℓ

k is

the mixed tensor

C · j· ℓ
i · k = A·j

i B·ℓ
k .

The outer product between the mixed tensors D ··k
ij and Eℓ ·n

·m is

the mixed tensor
F · · kℓ ·n
ij · ·m = D ··k

ij Eℓ ·n
·m .
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Outer product and different ranks

Outer product and di�erent ranks

We have seen that tensors of di�erent ranks cannot be summed.

But can we take the outer product of tensors with di�erent

ranks?

Answer

Yes! The resulting tensor will have a rank equal to the sum of the

ranks of the tensors involved in the outer product.

Example

Consider the tensor C · · ·ℓm
ijk· · = AijkB

ℓm.

This is a rank-�ve tensor, resulting from the outer product of a

rank-three tensor Aijk and a rank-two tensor Bℓm.

Task: Check this is in fact a rank-�ve tensor.
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Outer product is non-commutative

Outer product is non-commutative

Tensor multiplication is non-commutative.

Example of non-commutativity in rank two

Let us show that the outer product between two rank-two tensors

Aik and Bik is non-commutative. That is, AikBℓm ̸= BikAℓm.

For instance, assume

Aik =

0 1 2
1 0 0
1 3 4

 and Bℓm =

1 1 7
6 7 4
1 6 3

 .

Then
A12B32 = 1 · 6 = 6, whereas

B12A32 = 1 · 3 = 3.
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Outer product of multiple tensors

Outer product of multiple tensors

Multiplication of any number of tensors of arbitrary rank is de�ned

similarly.

For instance,
Pijkℓmn = AijBkℓCmn

Ci··mnp
·kℓ = Ai

·kℓB
mnCp.

The rank of a tensor product is the sum of the rank of the

factors.

In the examples above, Pijkℓmn and Ci··mnp
·kℓ are both rank-six

tensors.
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Outer product - Notation

Outer product

Multiplication of tensors is called the (outer) tensor product.

The symbol ⊗ is used to denote it:

C = A⊗B.

Example of outer product

In our �rst example today, the tensor we called Cikℓm = AikBℓm is

just the outer product

A⊗B = AikBℓm

between the tensors A = [Aik] and B = [Bik].
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Outer Product Visualisation - Example 1

Example 1

Let us visualise the outer products between

v1 =

(
2
0

)
and v2 =

(
1 7

)
.

We have

v1 ⊗ v2 =

(
2
0

)
⊗ v2 =

(
2 · v2

0 · v2

)
=

(
2
(
1 7

)
0
(
1 7

)) =

(
2 14
0 0

)
.

v2 ⊗ v1 =
(
1 7

)
⊗ v1 =

(
1 · v1 7 · v1

)
=

(
1

(
2
0

)
7

(
2
0

))
=

(
2 14
0 0

)
.
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Example 2

Example 2

What is the (outer) tensor product of two matrices

B =

(
b11 b12
b21 b22

)
and A

(
a11 a12
a21 a22

)
?

Note that these are rank two tensors, so the outer product must be

a rank four tensor.
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Example 2

Example 2

We have

B⊗A =

(
b11 b12
b21 b22

)
⊗
(

a11 a12
a21 a22

)

=


b11

(
a11 a12
a21 a22

)
b12

(
a11 a12
a21 a22

)

b21

(
a11 a12
a21 a22

)
b22

(
a11 a12
a21 a22

)


=


b11a11 b11a12 b12a11 b12a12
b11a21 b11a22 b12a21 b12a22
b21a11 b21a12 b22a11 b22a12
b21a21 b21a22 b22a21 b22a22


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Contraction of tensors



Contraction of tensors

De�nition

The operation of summing a tensor of rank n (n ≥ 2) over two of

its indices is called a contraction.

Example

A third-rank tensor Pikℓ can be contracted in three di�erent ways:

Piiℓ = P11ℓ + P22ℓ + P33ℓ, (ℓ = 1, 2, 3)

Pikk = Pi11 + Pi22 + Pi33, (i = 1, 2, 3)

Piki = P1k1 + P2k2 + P3k3, (k = 1, 2, 3)
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Example - Part 2

Example

Each such contraction of Pikℓ is a �rst-rank tensor.

Assume we are working in Cartesian coordinates. Then Pikℓ

transforms according to the formula

P ′
ikℓ = LimLknLℓrPmnr.

Hence

P ′
iiℓ = LimLinLℓrPmnr = δmnLℓrPmnr = LℓrPmmr.

P ′
ikk = LimLknLkrPmnr = LimδnrPmnr = LimPmnn.

P ′
iki = LimLknLirPmnr = LknδmrPmnr = LknPmnm.

Thus, these quantities transform like a vector, as asserted.
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Repeated contraction

Repeated contraction

The contraction of a tensor of rank n (n ≥ 2) produces a
tensor of rank n− 2.

This tensor of rank n− 2 can then be contracted again

(provided n ≥ 4), giving a tensor of rank n− 4.

We can repeat this process many times, as long as we have

have high enough rank.

Repeated contraction of a tensor of rank n eventually gives a

scalar if n is even and a vector if n is odd.
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Task

Your turn!

Contract the second rank tensor

[Aij ] =

(
A11 A12

A21 A22

)
=

(
3 1
4 2

)
.
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Inner Product

De�nition

Contracting two tensors together is known as the inner product.

Examples

The following expression are inner products:

AikBk, λikℓmBℓm, AiBi.
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Example

Example

We have previously seen lots of inner products involving the

Kronecker delta δij and alternating tensor ϵijk.

For example,
δijϵijk = 0k,

ϵijkϵiℓm = δjℓδkm − δjmδkℓ,

ϵijkϵijm = 2δkm,

ϵijkϵijk = 6.
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Task

Your turn!

Given that

[Rik] =

1 0 0
0 0 1
1 7 2

 , A = i1 + i2 − i3.

�nd the inner products RikAi and RikAk.

Your turn!

Consider the following second-order tensors:

P = [Pik] =

 1 2 1
0 3 0
0 1 4

 , Q = [Qik] =

 1 0 1
4 1 1
1 0 1

 .

Compute the contraction PjkQkj .
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Contraction in generalised coordinates

Contraction in generalised coordinates

When considering generalised coordinate systems, contraction

can be performed only on pairs of indices in di�erent

positions.

In other words, one contracted index must be covariant and

the other contravariant.

Otherwise, the result of contraction will not be a tensor.
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Example of contraction in Generalised

Coordinates

Example

If we contract A·kℓ
i in the indices i and k, then A·iℓ

i is a tensor:

A′·iℓ
i = Lm

i′ L
i′
nL

ℓ′
r A

·nr
m = δmn Lℓ′

r A
·nr
m = Lℓ′

r A
·nr
n .

However, contracting A·kℓ
i in the indices k and ℓ gives a quantity

whose transformation law is not that of a vector:

A′·kk
i = Lm

i′ L
k′
n L

k′
r A

·nr
m .

Similarly, in forming inner products, we can only sum over indices

in di�erent positions. For instance,

AiBi, AikB
k, λ··ℓm

ik Bℓm, λ··ℓ
ik·mB·m

ℓ .

24 25



Next Lecture

Next time...

Chapter 7: Tensor Fields

▶ Preliminary,
▶ Covariant di�erentiation.
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