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TENSOR ALGEBRA




Chapter 6: Tensor Algebra

1. Addition of tensors,
2. Multiplication of tensors,

3. Contraction of tensors.
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ADDITION OF SECOND RANK TENSORS

Addition of second rank tensors

We can add tensors of same rank and same structure.

For instance, for the rank two case, we have:

m Sum of covariant second-rank tensors: Cjr = A + Big.
m Sum of covariant second-rank tensors: C%* = A 4 Bik,

m Sum of mixed second-rank tensors:
> Ck= Ak + B*

> Ci = A%, + B
However, we showed that summing second rank tensors that do not
have the same structure does not give a tensor!

E.g. Ry, + S% and Tzk 4 U,ik are not tensors.




ADDITION OF ARBITRARY RANK TENSORS

Addition of arbitrary rank tensors

Addition of any number of tensors of arbitrary rank is defined
similarly:
Pijk = Aijk + Bijk + Ciji
Qik — piik 4 giik
gkl -jkl -jkl
Rij — Fi] + Gij

etc.

Important!

Tensors of different ranks and structures (covariant,
contravariant and different types of mixed tensors) cannot be
added.




OUTER PRODUCT OF TENSORS




OUTER PRODUCT OF SECOND RANK TENSORS

Outer product of second rank tensors

Consider two second-rank tensors with components A;; and Bjy.

Imagine combining these tensors in the following way to form a

new tensor:
Cikem = AixBom.

These new components Cjipp, form a fourth-rank tensor, known as
the (outer) product of the original tensors A;; and Bjy.

Let us show that this is the case.




THE OUTER PRODUCT IS A TENSOR

The outer product is a tensor

Let us show that
Cikem - AszZm

is a a fourth-rank tensor.

A, and B; transform via
’Lk: = Lk/Anp and Bzm = LZ/Lfn/Brs,
Consequently, C;rim, transforms via:

CzlkZm A/k:BEm — Lan A L Lfn’B’r‘S
=LyL% Ly Ly, Aan,,S = L3IR L3 LS Crprs:




OUTER PRODUCT AND DIFFERENT STRUCTURES

Outer product and different structures

We have seen that tensors of different structures cannot be
summed.

But can we take the outer product of tensors with different
structures?

Example

Let us examine whether the outer product

C.

ol A b
ik = Aij By

forms a rank-four mixed tensor, where A;; and B,’f re rank-two
covariant and mixed tensors, respectively.




OUTER PRODUCT AND DIFFERENT STRUCTURES-

EXAMPLE

Example

.
3

The transformation rules of A;; and Bif are
7 Al = TP A e,
‘E _ e/ .
n Byt = I}, LY By

Consequently,
A’ Bt

o 5
= LPLY Ay LY, LEBS
= LPLY IR LY AmnByS
= LRIV IR LE C,,

mnp )

zyk

which follows the transformation law of a rank-four mixed tensor
(with three covariant and one contravariant components).




OUTER PRODUCT AND DIFFERENT STRUCTURES -
CONCLUSION

Conclusion

Using similar arguments as in the previous example, we can show
that the outer product of any two tensors is a tensor.

Moreover, the structure of the new tensor is given by a
concatenation of the structures of the tensors in the outer product.

Examples

m The outer product between the mixed tensors A%j and B,’f is
the mixed tensor
Jl _ pAd pt
C/h = A7 By
m The outer product between the mixed tensors D”k and B4 is
the mixed tensor
kb vk -
Fiy T = Dij” BN



OUTER PRODUCT AND DIFFERENT RANKS

Outer product and different ranks

We have seen that tensors of different ranks cannot be summed.

But can we take the outer product of tensors with different
ranks?

Answer

Yes! The resulting tensor will have a rank equal to the sum of the
ranks of the tensors involved in the outer product.

Example

Consider the tensor Ci’j'k',[.m = AijkBZm.

This is a rank-five tensor, resulting from the outer product of a
rank-three tensor A;j;;, and a rank-two tensor Bfm,

Task: Check this is in fact a rank-five tensor.
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OUTER PRODUCT IS NON-COMMUTATIVE

Outer product is non-commutative

Tensor multiplication is non-commutative.

Example of non-commutativity in rank two

Let us show that the outer product between two rank-two tensors
A and By is non-commutative. That is, A;xzBun # BikAem.

For instance, assume

A = and By, =

— = O
w O =
=~ O N
R
[
(SO |

Then
A12B32 =1-6= 6, whereas

BlgA32 =1-3=3.



OUTER PRODUCT OF MULTIPLE TENSORS

Outer product of multiple tensors

Multiplication of any number of tensors of arbitrary rank is defined
similarly.

For instance,

Pijkemn = AijBreCmn

mnp __ pi mn ~p
ci-mnp — qi grnCe,

The rank of a tensor product is the sum of the rank of the

factors.
In the examples above, Pijkemy, and C';"" are both rank-six
tensors.



OUTER PRODUCT - NOTATION

Outer product

Multiplication of tensors is called the (outer) tensor product.

The symbol ® is used to denote it:

C=A®B.

Example of outer product

In our first example today, the tensor we called Cixpp, = Aix Bom 18
just the outer product

A ®B = AiBem
between the tensors A = [A;;] and B = [Bj].
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OUTER PrRODUCT VISUALISATION - EXAMPLE 1

Example 1

Let us visualise the outer products between

vlz(g) ol = {1 ).

We have
wow= (o= () - G 3)
voevi=(1 T)@vi=(1-v 7-v1):<1<§) 7(3))

G

[l
N\
O N

—
SN
~_



EXAMPLE 2

Example 2

What is the (outer) tensor product of two matrices

B_ ( b1 b2 ) and A( ail a2 )7
ba1  bog az; a2

Note that these are rank two tensors, so the outer product must be
a rank four tensor.



EXAMPLE 2

We have

B® A

(

b1 bi2
bo1  bao

an
bo1

as
briain
bi1az

bora11
borasy

bi2ai1
bi2as1
baoaiy
bazasy

ail a2
a1 a22

ail a2
as a2
bi2ai2
bi2asgs

bagaia
baoass
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CONTRACTION OF TENSORS

Definition

The operation of summing a tensor of rank n (n > 2) over two of
its indices is called a contraction.

A third-rank tensor Pjzy can be contracted in three different ways:
m Py = Piig + Poog + Psay, (¢=1,2,3)
m Pir = P + Pio2 + Piss, (1=1,2,3)

m Piri = Pig1 + Poga + Pjs, (k=1,2,3)




EXAMPLE - PART 2

Example

Each such contraction of Py is a first-rank tensor.

Assume we are working in Cartesian coordinates. Then Py
transforms according to the formula

/
it = LimLknLer P
Hence

mé - LszanZernr - 5an€ernr - Léermr
z'k;k; = LimLknLkerm" = Lim(sm"Pmm" = Lszmnn
i/ki = LimLknLiernT = Lkn(smrpmnr - Lkannm

Thus, these quantities transform like a vector, as asserted.
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REPEATED CONTRACTION

Repeated contraction

m The contraction of a tensor of rank n (n > 2) produces a
tensor of rank n — 2.

m This tensor of rank n — 2 can then be contracted again
(provided n > 4), giving a tensor of rank n — 4.

m We can repeat this process many times, as long as we have
have high enough rank.

m Repeated contraction of a tensor of rank n eventually gives a
scalar if n is even and a vector if n is odd.




TASK

Your turn!

Contract the second rank tensor

R An A\ (3 1
[A”]_(Am A22>_(4 2)'




INNER PRODUCT

Definition

Contracting two tensors together is known as the inner product.

Examples

The following expression are inner products:

AixBr,  NikemBem, AiB;.




EXAMPLE

Example
We have previously seen lots of inner products involving the

Kronecker delta ¢;; and alternating tensor €.

For example,
dij€ijr = O,
€ijk€itm = 0500km — 0jmOke,

€ijkEijm = 20km

€ijk€ijk = 0.




TASK

Your turn!
Given that

1 0 0
[le] =10 0 1], A =1i; +iy —i3.
1 7 2

find the inner products R;pA; and R;iAp.

Your turn!

Consider the following second-order tensors:

1 2 1 1 0
P=[Pg=10 3 0 |, Q=Qxl=1 4 1
01 4 1 0

—_ = =

Compute the contraction Pj;Q;.




CONTRACTION IN GENERALISED COORDINATES

Contraction in generalised coordinates

m When considering generalised coordinate systems, contraction
can be performed only on pairs of indices in different
positions.

m [n other words, one contracted index must be covariant and
the other contravariant.

m Otherwise, the result of contraction will not be a tensor.




EXAMPLE OF CONTRACTION IN GENERALISED
COORDINATES

Example

If we contract A;M in the indices ¢ and k, then Afe is a tensor:
-l i 70 4- 2 5 27
A =L L Ly A =6 Ly A" = Ly A7V

However, contracting A;ke in the indices k and £ gives a quantity
whose transformation law is not that of a vector:

rkk _ rmgrk' 7k' gonr
ALRE = gk ¥ gnr

Similarly, in forming inner products, we can only sum over indices
in different positions. For instance,

AiBi? A’LkBk7 )\zlmef'ma )‘

B;™.

ik-m




NEXT LECTURE

Next time...

m Chapter 7: Tensor Fields

» Preliminary,
» Covariant differentiation.




	Tensor Algebra
	Reminder
	Reminder
	Outer product of tensors
	Contraction of tensors

