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PRELIMINARY




So far

So far, most bases we considered were independent from the
position.

For instance, we can take the canonical basis of R?

€ = (17070)7 € = (07 1a0)7 €3 = (0507 ]-)

We see that this is a fixed basis and does not depend on any
parameter.
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VECTOR FIELDS - PRELIMINARY

Definition

A vector field assigns a vector to every point in a subset of space.

Examples

m Velocity Field: Represents the velocity of a fluid at different
points in space.

m Gravitational Field: Represents the gravitational force
experienced by a mass at different points in space.

m Local bases: We could also define a basis e1(x), e2(x), e3(x)
that depends on the position.




DERIVATIVES OF TENSOR FIELDS

Derivatives of tensor fields

We have seen derivatives of tensor fields of rank zero. For instance,
: du;
m Gradient: Vf =V;f or V,u; = 84;1»7
m Divergence: V -u = V,u;,

m Curl: Vxu= Eijkvj‘uk.

Remark.

We can also take the derivative of rank 2 tensors such as
8Ujk
a:L‘Z' ’

This is the derivative of the conductivity tensor, which itself is a
rank 3 tensor.




COVARIANT DIFFERENTIATION




EXPLANATION OF COVARIANT DIFFERENTIATION

Definition

Covariant differentiation is a way to differentiate vectors and
tensors in curved space, ensuring the result is still a tensor.

Idea

m [magine moving a vector along a curved surface.

m Covariant differentiation adjusts the vector to account for the
curvature.




COVARIANT DIFFERENTIATION: CARTESIAN
COORDINATES

Covariant differentiation: Cartesian Coordinates
Consider a Cartesian coordinate system with
m an orthonormal basis iy, io, i3, and
m a vector field A = A(r) (i.e. a vector that varies in space).

m Assume the components of A are A;(r), As(r), As(r), that is
A = Al(r) i + AQ(I’) ip + Ag(r) iz = Aj(l‘) ij.
Then the differential of A is

dA = d(AJ(I') i]) = ij dA] (I‘) T Aj(r)di]
—_——

product rule




COVARIANT DIFFERENTIATION: CARTESIAN CoO-
ORDINATES - PART 2

Covariant differentiation: Cartesian Coordinates

Again, dA = d(A;(r)ij) = ij dA;(r) + A;(r)di;.
N——
product rule

Since the basis i1, i2, i3 does not vary from point to point

dij =0, V.
Then the differential of A is
dA = ij dAj(I‘) aF Aj (I’)dij
=0
dA;(r)
( ) 11 + dA2< ) 1o + dAg(I‘) i3
= (dAl( ), dAa(r), dAs(r)).




GENERAL COORDINATES WITH FIXED BASIS

General Coordinates with fixed basis

Consider a generalised coordinate system with a fixed basis
e1, ez, ez (constants).

Let A be a vector. We know it can be expanded via
A =elA (r) + e As(r) + 3 A3(r)
= e Al (r) + e2A%(r) + e3A%(r),
where Aj(r), Aa(r), As(r) are the covariant components and

Al(r), A%(r), A3(r) are the contravariant components of
A=A(r).
Then, the differential of A is
dA = d(A;(r)e’) = e/ dAj(r),
dA = d(A’(r)e;) = e; dA'(r),
where de; = de’/ = 0.



GENERALISED COORDINATES WITH LOCAL BASIS

Generalised Coordinates with local basis

Now, suppose we have a generalised coordinate system with a
local basis e, ey, e3. That is, the basis varies from point to point:

123)
b

ej =ej(z, 2% x 122 2.

e =¢é(z 2% x

Because ey, eq, es is a basis, any vector A = A(r) can be
expanded as

A=e'A +e%4y + 345 = e Al + ey A% + e343.
However, it is not true that de; = de’ = 0 here.
So the differential of A is
dA = d(Aje)) = e/ dA; + A; de,
dA = d(Ale;) = ejdAT + Al de;.




VECTOR DIFFERENTIAL USING LOCAL BASIS

Vector differential using local basis

In a generalised coordinate system with a local basis we have
dA = e/ dA; + A;de’,
dA = e;dA’ + A de;.

We can also write

0A
A= da".
d 9k dz

We then conclude that the partial differentiation is given by

OA  d(Ajel) DA, de
9zF  OzF  9zk +AJ@
. a(Ajej) . 814*7 . jaej
9z Ozk e+ 4 ok




EXAMPLE OF COVARIANT DIFFERENTIATION

Consider a generalised coordinate system with local basis

el =el(z!, 22, 23) = 22t + 21§ + 27Kk,
e? = (2!, 22, 23) = 2% + 2%k,

e? = e3(z!, 22, 23) = %k

Find the partial derlvatlve A of the vector

A = 2% + 22Y + 223k




SOLUTION

o _[04, , o0
ozt 83:1e rian

Since A = z%i + 22'j + 2'2%k, we have

ozt © T Bat Ox! ox!
_ 0a? = 02zt B Oxla?
83:1 ol ozl
=2e2+23e?
Substituting e? = 22j + 2’k and e® = 23k, we obtain

0A 2. 2 3.3

%:Q(x.]—i-m k) + z°(2°k)
= 22%j + (222 + (23)?)k.

e



SOLUTION - PART 2

OA _04; ; |, 0e
o 1

dxl — ozl T ot |
The second term is

el el Oe? e’

Aigat = iggr T Aegr T AsgT
0(2x1i + 2t + 23k) (%) + 2°k) O(23k)
=A A A
! Oxl + 42 oxl +As oxl
=A1(2i+j)+040
=2A4i+ Alj




SOLUTION - PART 3

We want to compute

OA _ 94y 5  , 0e

= —J e

Oz Oxl + s

We found 94,
Sal eJ—2x,]+(2$ + (z ) )k,
oel
AJ@ T = 2410+ A4
Therefore,

A
= 222§ + (2:32 + (:U3)2)k + 2451+ A4j

=241+ (2332 + A1)j+ (2332 + (553)2)1(-
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PARTIAL DERIVATIVES ARE VECTORS

‘es are vectors

One can show that each partial derivative % (k=1,2,3)is a
vector. To ease notation, let us denote

0A

:W, fork:1,2,3.
X

Vi

As any vector, the vector v also has covariant and contravariant
components:

m Contravariant: vy = (4;)'e; + (A4;)%e2 + (Ay)%e3 = (AL)e;.
m Covariant: v;, = (Ag)1e! + (Az)2e? + (Ay)zed = (Ap)€e'.

For simplicity, we will write
| Ai,k = (Ak)z




PARTIAL DERIVATIVES ARE VECTORS

Partial derivatives are vectors

These components A?k and A; ;, are themselves components of a
second rank tensor called the covariant derivative.

Let us find a formula for A; .

0A
5k = Vi = Avge’ + Appe” + Ag e’
Thus,
0A
Gk C = Vkoei= (Aipe’ + Ay pe® + Az pe’) - e;

= Ay (e -e) + Ay (e - ;) + Az (e’ - €))




PARTIAL DERIVATIVES ARE VECTORS

Partial derivatives are vectors

We have shown

0A
A = 55 - i
Similarly, we can show
Alk = 0 eZ.




SUMMARY: COVARIANT DIFFERENTIATION

Summary: Covariant differentiation

To summarise covariant differentiation:

DA Oy 00 DN e

J S s .

8zF © Ok I Bgk . Ozk + ozk
DA . oA

ik Z:@'ei and A,k :=W-e.

Putting this together we have

0A 0A4; oe’
Ai,k = _8.’Ek ce; = _al‘k Aj_a.’l,’k - €4,
- 0A .  0A .Oe;
? = — ¢ = J_-] P
Ay 52k € = 9Lk +A Bk ©




CHRISTOFFEL SYMBOLS




NEW NOTATION

New notation

Again, the covariant derivatives are defined by

0A; oel
Ay =220 4 4, 9C o,
ok ok 1ok €
QA de; .
Al — AT 2L gt
kT Dk + azk ©

We want to simplify these expressions.

We will introduce a new symbol for that, which is called
Chistoffel symbol.




CHRISTOFFEL SYMBOL

Christoffel Symbol

Covariant derivatives are defined by

0A; el
Aig = g +Aigr i
3 OA? 0ej
A;Lk = 8l‘k A AJ@ -e’.
We then define
i i 0ej j de’
ij:e.axk and Fik:_ei'w'

These are the Christoffel symbols of the second kind (which
have 27 components).



COVARIANT DIFFERENTIATION IN TERMS OF
CHRISTOFFEL SYMBOLS

Covariant differentiation in terms of Christoffel symbols

If we re-write the covariant derivatives using Christoffel symbols,
we get

OA. :
A = 55 =Ty,
. HA? :
Al = Ik - F’ A7
The Christoffel symbol of the second kind are
: . Oe; ; oe’
IMp=e"- 8_351 and TV, = —e;- 5k




BACK TO A FIXED BASIS

Back to a fixed basis
Once more, covariant derivatives are defined by

A, :

Aig = 55 = P Ajs
A
A,k = @ +ijA]

We have seen that, if the basis is fixed, then the Christoffel

symbols vanish:
86]' —0

1 _ 7
= gk =
Then the covariant derivatives A; ;, and Afk reduce simply to
OA!

DA; .
aAi’k = 8;5/“3 and 8A,k = W




We will now show that Fijk are the expansion coefficients of the

vector % with respect to the basis e, e, e3. That is

W = Fljke1 aF szkGQ == ngkeg = Pl]ke¢
To show this, let the following be the expansion of this vector:

9e;

— Al a
Ik A’ e

Let us show that Aijk = Fijk.



F’ijk AS EXPANSION COEFFICIENTS- PART 2

Christoffel symbols as expansion coefficients

To find these coefficients, we take the dot product of both sides of
the equation with the dual basis vector e"*:

Oej

e
Since e - e; = 0", we get:

m

—e™m. (Azjkez)

6e]
" OxF

m

= A’ 87 = AT
Therefore

. . 4 B
Azjk = eZ ae] while FZ ik — l e]

ok J OxF

Consequently, A° ik — Fljk, as required.




CHRISTOFFEL SYMBOLS OF FIRST KIND

Christoffel symbols of first kind

We just showed that Fijk are the expansion coefficients of the

vector % with respect to the basis e, es, e3. That is

de; 1 2 3 j
@ =T jkel =+ I jkeg =+ r jkeg = Fljkei.
We can also expand the vector % with respect to the dual basis
1 o2 o3
e, e’ e’.

The new coefficients are denoted by I';;,. That is

Oe;

_ Oej
oxk

Fijkez — Fijk =€; - Ok

These new symbols are called the Christoffel symbols of the
first kind.
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DEFINITIONS: TWO TYPES OF CHRISTOFFEL
SYMBOL

Definitions.
m Christoffel symbols of second kind:

9e;

‘., —e. .
Jk Oxk

m Christoffel symbols of first kind:

9¢;
Oxk’

Lijk =€ -




CHRISTOFFEL SYMBOLS AND METRIC TENSORS

Christoffel symbols and metric tensors

The Christoffel symbols can be expressed in terms of the metric
tensors.

m Christoffel symbols of second kind

; . Oe; oe; ,

Fljk: —et. a_mi: _— ﬁ — FZ]keL

m Christoffel symbols of first kind
aej . aej
@ = Fijkez — Fl]k =@ - @
We can then write
oe;
Lijr =i - 8702 =€ - ngkeé = (e; - ef)rgjk = giérejk'



CHRISTOFFEL SYMBOLS AND METRIC TENSORS -
PART 2

Christoffel symbols and metric tensors

Similarly, we can write

e . . .
Fz‘k =e'. 878] =e'- ngkeg = (el o eZ)I‘gjk = gwl—‘gjk.

Tk
Hence, Christoffel symbols of the first and second kind are related

via the metric tensor:

Tijk = giel, Iy = g"Te;.




SUMMARY: CHRISTOFFEL SYMBOLS AND THE MET-
RIC TENSOR

Summary: Christoffel Symbols and the metric tensor

m Christoffel symbols of second kind

i i 0ej
F ik = (& © w
m Christoffel symbols of first kind
8ej

Christoffel symbols of the first and second kind are related via the
metric tensor

Tije = gl T = 9" Tag




SYMMETRY OF CHRISTOFFEL SYMBOLS

Symmetry of Christoffel symbols

The Christoffel symbols Fijk and I';;, are symmetric in the indices
7 and k. That is

Fijk = Fikju and Fljk = Flkj.

In fact,
Lo — o de; oOor 0 Or ~_ Or
ik =i Gk T 9xi 9z Oad (el_axi>
_oOr 0 Or
~ Ox' Pad Ok
—_————
re-order
6ek
_ei‘@: ikj



SYMMETRY OF CHRISTOFFEL SYMBOLS- PART 2

Symmetry of Christoffel symbols

Simirly, we can show
8ej
oxk

is symmetric in the indices j and k. That is

i 0
ij.—e

J




CHRISTOFFEL SYMBOLS ARE NOT TENSORS

Christoffel symbols are not tensors

We now show that the Christoffel symbols are not tensors.

Let us check how they transform under rotation of a coordinate
system. We have

oe';
=l
o m .
= (Lf/eﬁ) . 8x/k( j/em) (ek = Lk'em)
= (Lf/eé) : (%( ?em)%) (Chain rule)
8 m n a.’f
= (Lf/eg) . (%( j/em) k/) (81-/]‘3 = L ) .




CHRISTOFFEL SYMBOLS ARE NOT TENSORS-PART 2

Christoffel symbols are not tensors

So far, we have

xXr
L rmrn 8em l ”/1
= L’L’Lj/ Lk’ €y a +L 8 (e[ em)
N——— 9em
Fﬁ'mn
¢ m 8Lm

The above is not any of the tensor transformation laws. Thus the
Christoffel symbol of the first kind is not a tensor.



CHRISTOFFEL SYMBOLS ARE NOT TENSORS -
PART 2

Christoffel symbols are not tensors

Similarly, we can show that the transformation law of the
Christoffel symbol of the second kind is given by

Fi ,—Li/LmL"Fl +Lz’ n8 ;)}
jk — e~ HE S mn m kl@l‘n’

and thus the Christoffell symbol of the second kind is also not a
tensor.




NEXT LECTURE

Next time...

Chapter 7:
m Christoffel symbols,

m Covariant differentiation of tensors.
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