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Tensor Fields



Chapter 7: Tensor Fields

1. Preliminary,

2. Covariant differentiation,

3. Christo�el symbols,

4. Covariant di�erentiation of tensors,

5. Ricci's theorem,

6. Riemann-Christo�el tensor,

7. Ricci tensor.
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Preliminary



So far

So far

So far, most bases we considered were independent from the

position.

For instance, we can take the canonical basis of R3

e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1).

We see that this is a �xed basis and does not depend on any

parameter.
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Vector Fields - Preliminary

De�nition

A vector �eld assigns a vector to every point in a subset of space.

Examples

Velocity Field: Represents the velocity of a �uid at di�erent

points in space.

Gravitational Field: Represents the gravitational force

experienced by a mass at di�erent points in space.

Local bases: We could also de�ne a basis e1(x), e2(x), e3(x)
that depends on the position.
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Derivatives of tensor fields

Derivatives of tensor �elds

We have seen derivatives of tensor �elds of rank zero. For instance,

Gradient: ∇f = ∇if or ∇iuj =
∂uj

∂xi
,

Divergence: ∇ · u = ∇iui,

Curl: ∇× u = ϵijk∇juk.

Remark.

We can also take the derivative of rank 2 tensors such as

∂σjk
∂xi

.

This is the derivative of the conductivity tensor, which itself is a

rank 3 tensor.
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Covariant differentiation



Explanation of Covariant Differentiation

De�nition

Covariant di�erentiation is a way to di�erentiate vectors and

tensors in curved space, ensuring the result is still a tensor.

Idea

Imagine moving a vector along a curved surface.

Covariant di�erentiation adjusts the vector to account for the

curvature.
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Covariant differentiation: Cartesian

Coordinates

Covariant di�erentiation: Cartesian Coordinates

Consider a Cartesian coordinate system with

an orthonormal basis i1, i2, i3, and

a vector �eld A = A(r) (i.e. a vector that varies in space).

Assume the components of A are A1(r), A2(r), A3(r), that is

A = A1(r) i1 +A2(r) i2 +A3(r) i3 = Aj(r) ij .

Then the di�erential of A is

dA = d(Aj(r) ij)︸ ︷︷ ︸
product rule

= ij dAj(r) +Aj(r)dij .
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Covariant differentiation: Cartesian Co-

ordinates - Part 2

Covariant di�erentiation: Cartesian Coordinates

Again, dA = d(Aj(r) ij)︸ ︷︷ ︸
product rule

= ij dAj(r) +Aj(r)dij .

Since the basis i1, i2, i3 does not vary from point to point

dij = 0, ∀j.
Then the di�erential of A is

dA = ij dAj(r) +Aj(r)dij︸ ︷︷ ︸
=0

= ij dAj(r)

= dA1(r) i1 + dA2(r) i2 + dA3(r) i3

= (dA1(r), dA2(r), dA3(r)).
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General Coordinates with fixed basis

General Coordinates with �xed basis

Consider a generalised coordinate system with a �xed basis

e1, e2, e3 (constants).

Let A be a vector. We know it can be expanded via

A = e1A1(r) + e2A2(r) + e3A3(r)

= e1A
1(r) + e2A

2(r) + e3A
3(r),

where A1(r), A2(r), A3(r) are the covariant components and

A1(r), A2(r), A3(r) are the contravariant components of

A = A(r).

Then, the di�erential of A is

dA = d(Aj(r)e
j) = ej dAj(r),

dA = d(Aj(r)ej) = ej dA
j(r),

where dej = dej = 0.
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Generalised Coordinates with local basis

Generalised Coordinates with local basis

Now, suppose we have a generalised coordinate system with a

local basis e1, e2, e3. That is, the basis varies from point to point:

ej = ej(x
1, x2, x3), ej = ej(x1, x2, x3).

Because e1, e2, e3 is a basis, any vector A = A(r) can be

expanded as

A = e1A1 + e2A2 + e3A3 = e1A
1 + e2A

2 + e3A
3.

However, it is not true that dej = dej = 0 here.

So the di�erential of A is

dA = d(Aje
j) = ej dAj +Aj de

j ,

dA = d(Ajej) = ej dA
j +Aj dej .
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Vector differential using local basis

Vector di�erential using local basis

In a generalised coordinate system with a local basis we have

dA = ej dAj +Aj de
j ,

dA = ej dA
j +Aj dej .

We can also write

dA =
∂A

∂xk
dxk.

We then conclude that the partial di�erentiation is given by

∂A

∂xk
=

∂(Aje
j)

∂xk
=

∂Aj

∂xk
ej +Aj

∂ej

∂xk

=
∂(Ajej)

∂xk
=

∂Aj

∂xk
ej +Aj ∂ej

∂xk
.
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Example of Covariant Differentiation

Example

Consider a generalised coordinate system with local basis

e1 = e1(x1, x2, x3) = 2x1i+ x1j+ x3k,

e2 = e2(x1, x2, x3) = x2j+ x2k,

e3 = e3(x1, x2, x3) = x3k.

Find the partial derivative ∂A
∂x1 of the vector

A = x2i+ 2x1j+ x1x3k.
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Solution

Solution

∂A

∂x1
=

∂Aj

∂x1
ej +Aj

∂ej

∂x1
.

Since A = x2i+ 2x1j+ x1x3k, we have

∂Aj

∂x1
ej =

∂A1

∂x1
e1 +

∂A2

∂x1
e2 +

∂A3

∂x1
e3

=
∂x2

∂x1
e1 +

∂2x1

∂x1
e2 +

∂x1x3

∂x1
e3

= 2 e2 + x3 e3.

Substituting e2 = x2j+ x2k and e3 = x3k, we obtain

∂A

∂x1
= 2(x2j+ x2k) + x3(x3k)

= 2x2j+ (2x2 + (x3)2)k.
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Solution - Part 2

Solution

∂A

∂x1
=

∂Aj

∂x1
ej + Aj

∂ej

∂x1
.

The second term is

Aj
∂ej

∂x1
= A1

∂e1

∂x1
+A2

∂e2

∂x1
+A3

∂e3

∂x1

= A1
∂(2x1i+ x1j+ x3k)

∂x1
+A2

∂(x2j+ x2k)

∂x1
+A3

∂(x3k)

∂x1

= A1(2i+ j) + 0 + 0

= 2A1i+A1j.
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Solution - Part 3

Solution

We want to compute

∂A

∂x1
=

∂Aj

∂x1
ej +Aj

∂ej

∂x1
.

We found
∂Aj

∂x1
ej = 2x2j+ (2x2 + (x3)2)k,

Aj
∂ej

∂x1
= 2A1i+A1j.

Therefore,

∂A

∂x1
= 2x2j+ (2x2 + (x3)2)k+ 2A1i+A1j

= 2A1i+ (2x2 +A1)j+ (2x2 + (x3)2)k.
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Partial derivatives are vectors

Partial derivatives are vectors

One can show that each partial derivative ∂A
∂xk (k = 1, 2, 3) is a

vector. To ease notation, let us denote

vk =
∂A

∂xk
, for k = 1, 2, 3.

As any vector, the vector vk also has covariant and contravariant

components:

Contravariant: vk = (Ak)
1e1 + (Ak)

2e2 + (Ak)
3e3 = (Ak)

iei.

Covariant: vk = (Ak)1e
1 + (Ak)2e

2 + (Ak)3e
3 = (Ak)ie

i.

For simplicity, we will write

Ai
·k = (Ak)

i.

Ai,k = (Ak)i.
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Partial derivatives are vectors

Partial derivatives are vectors

These components Ai
·k and Ai,k are themselves components of a

second rank tensor called the covariant derivative.

Let us �nd a formula for Ai,k.

∂A

∂xk
= vk = A1,ke

1 +A2,ke
2 +A3,ke

3.

Thus,

∂A

∂xk
· ei = vk · ei =

(
A1,ke

1 +A2,ke
2 +A3,ke

3
)
· ei

= A1,k(e
1 · ei) +A2,k(e

2 · ei) +A3,k(e
3 · ei)

= Ai,k.
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Partial derivatives are vectors

Partial derivatives are vectors

We have shown

Ai,k =
∂A

∂xk
· ei.

Similarly, we can show

Ai
·k =

∂A

∂xk
· ei.
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Summary: Covariant differentiation

Summary: Covariant di�erentiation

To summarise covariant di�erentiation:

∂A

∂xk
=

∂Aj

∂xk
ej +Aj

∂ej

∂xk
=

∂Aj

∂xk
ej +Aj ∂ej

∂xk
.

Ai,k :=
∂A

∂xk
· ei and Ai

,k :=
∂A

∂xk
· ei.

Putting this together we have

Ai,k =
∂A

∂xk
· ei =

∂Ai

∂xk
+Aj

∂ej

∂xk
· ei,

Ai
,k =

∂A

∂xk
· ei = ∂Ai

∂xk
+Aj ∂ej

∂xk
· ei.
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Christoffel Symbols



New notation

New notation

Again, the covariant derivatives are de�ned by

Ai,k =
∂Ai

∂xk
+Aj

∂ej

∂xk
· ei,

Ai
,k =

∂Ai

∂xk
+Aj ∂ej

∂xk
· ei

We want to simplify these expressions.

We will introduce a new symbol for that, which is called

Chisto�el symbol.

19 35



Christoffel Symbol

Christo�el Symbol

Covariant derivatives are de�ned by

Ai,k =
∂Ai

∂xk
+Aj

∂ej

∂xk
· ei,

Ai
,k =

∂Ai

∂xk
+Aj ∂ej

∂xk
· ei.

We then de�ne

Γi
jk = ei · ∂ej

∂xk
and Γj

ik = −ei ·
∂ej

∂xk
.

These are the Christo�el symbols of the second kind (which

have 27 components).
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Covariant differentiation in terms of

Christoffel symbols

Covariant di�erentiation in terms of Christo�el symbols

If we re-write the covariant derivatives using Christo�el symbols,

we get

Ai,k =
∂Ai

∂xk
− Γj

ikAj ,

Ai
,k =

∂Ai

∂xk
+ Γi

jkA
j .

The Christo�el symbol of the second kind are

Γi
jk = ei · ∂ej

∂xk
and Γj

ik = −ei ·
∂ej

∂xk
.
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Back to a fixed basis

Back to a �xed basis

Once more, covariant derivatives are de�ned by

Ai,k =
∂Ai

∂xk
− Γj

ikAj ,

Ai
,k =

∂Ai

∂xk
+ Γi

jkA
j .

We have seen that, if the basis is �xed, then the Christo�el

symbols vanish:

Γi
jk = ei · ∂ej

∂xk
= 0.

Then the covariant derivatives Ai,k and Ai
,k reduce simply to

∂Ai,k =
∂Ai

∂xk
and ∂Ai

,k =
∂Ai

∂xk
.
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Γi
jk as expansion coefficients

Christo�el symbols as expansion coe�cients

We will now show that Γi
jk are the expansion coe�cients of the

vector
∂ej
∂xk with respect to the basis e1, e2, e3. That is

∂ej
∂xk

= Γ1
jke1 + Γ2

jke2 + Γ3
jke3 = Γi

jkei.

To show this, let the following be the expansion of this vector:

∂ej
∂xk

= Ai
jkei.

Let us show that Ai
jk = Γi

jk.
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Γi
jk as expansion coefficients- Part 2

Christo�el symbols as expansion coe�cients

To �nd these coe�cients, we take the dot product of both sides of

the equation with the dual basis vector em:

em · ∂ej
∂xk

= em · (Ai
jkei)

Since em · ei = δmi , we get:

em · ∂ej
∂xk

= Ai
jkδ

m
i = Am

jk.

Therefore

Ai
jk = ei · ∂ej

∂xk
while Γi

jk = ei · ∂ej
∂xk

Consequently, Ai
jk = Γi

jk, as required.
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Christoffel symbols of first kind

Christo�el symbols of �rst kind

We just showed that Γi
jk are the expansion coe�cients of the

vector
∂ej
∂xk with respect to the basis e1, e2, e3. That is

∂ej
∂xk

= Γ1
jke1 + Γ2

jke2 + Γ3
jke3 = Γi

jkei.

We can also expand the vector
∂ej
∂xk with respect to the dual basis

e1, e2, e3.

The new coe�cients are denoted by Γijk. That is

∂ej
∂xk

= Γijke
i =⇒ Γijk = ei ·

∂ej
∂xk

.

These new symbols are called the Christo�el symbols of the

�rst kind.
25 35



Definitions: Two types of Christoffel

Symbol

De�nitions.

Christo�el symbols of second kind:

Γi
jk = ei · ∂ej

∂xk
.

Christo�el symbols of �rst kind:

Γijk = ei ·
∂ej
∂xk

.
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Christoffel symbols and metric tensors

Christo�el symbols and metric tensors

The Christo�el symbols can be expressed in terms of the metric

tensors.

Christo�el symbols of second kind

Γi
jk = ei · ∂ej

∂xk
=⇒ ∂ej

∂xk
= Γi

jkei.

Christo�el symbols of �rst kind

∂ej
∂xk

= Γijke
i =⇒ Γijk = ei ·

∂ej
∂xk

.

We can then write

Γijk = ei ·
∂ej
∂xk

= ei · Γℓ
jkeℓ = (ei · eℓ)Γℓ

jk = giℓΓ
ℓ
jk.
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Christoffel symbols and metric tensors -

Part 2

Christo�el symbols and metric tensors

Similarly, we can write

Γi
jk = ei · ∂ej

∂xk
= ei · Γℓjke

ℓ = (ei · eℓ)Γℓjk = giℓΓℓjk.

Hence, Christo�el symbols of the �rst and second kind are related

via the metric tensor:

Γijk = giℓΓ
ℓ
jk, Γi

jk = giℓΓℓkj .

28 35



Summary: Christoffel Symbols and the met-

ric tensor

Summary: Christo�el Symbols and the metric tensor

Christo�el symbols of second kind

Γi
jk = ei · ∂ej

∂xk
.

Christo�el symbols of �rst kind

Γijk = ei ·
∂ej
∂xk

.

Christo�el symbols of the �rst and second kind are related via the

metric tensor

Γijk = giℓΓ
ℓ
jk, Γi

jk = giℓΓℓkj .
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Symmetry of Christoffel symbols

Symmetry of Christo�el symbols

The Christo�el symbols Γi
jk and Γijk are symmetric in the indices

j and k. That is

Γijk = Γikj , and Γi
jk = Γi

kj .

In fact,

Γijk = ei ·
∂ej
∂xk

=
∂r

∂xi
· ∂

∂xk
∂r

∂xj

(
ei =

∂r

∂xi

)
=

∂r

∂xi
· ∂

∂xj
∂r

∂xk︸ ︷︷ ︸
re-order

= ei ·
∂ek
∂xj

= Γikj .
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Symmetry of Christoffel symbols- Part 2

Symmetry of Christo�el symbols

Simirly, we can show

Γi
jk = ei · ∂ej

∂xk

is symmetric in the indices j and k. That is

Γi
jk = Γi

kj .
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Christoffel symbols are not tensors

Christo�el symbols are not tensors

We now show that the Christo�el symbols are not tensors.

Let us check how they transform under rotation of a coordinate

system. We have

Γ′
ijk = e′i ·

∂e′j
∂x′k

=
(
Lℓ
i′eℓ

)
· ∂

∂x′k
(Lm

j′ em) (ek = Lm
k′em)

=
(
Lℓ
i′eℓ

)
·
(

∂

∂xn
(Lm

j′ em)
∂xn

∂x′k

)
(Chain rule)

=
(
Lℓ
i′eℓ

)
·
(

∂

∂xn
(Lm

j′ em)Ln
k′

) (
∂xn

∂x′k
= Ln

k′

)
.
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Christoffel symbols are not tensors-Part 2

Christo�el symbols are not tensors

So far, we have

Γ′
ijk =

(
Lℓ
i′eℓ

)
·
(

∂

∂xn
(Lm

j′ em)Ln
k′

)
=

(
Lℓ
i′eℓ

)
·
(
Lm
j′
∂em
∂xn

Ln
k′ + em

∂Lm
j′

∂xn
Ln
k′

)
= Lℓ

i′L
m
j′L

n
k′

(
eℓ ·

∂em
∂xn

)
︸ ︷︷ ︸

Γℓmn

+Lℓ
i′L

n
k′
∂Lm

j′

∂xn
(eℓ · em)︸ ︷︷ ︸

gℓm

= Lℓ
i′L

m
j′L

n
k′Γℓmn + Lℓ

i′L
n
k′
∂Lm

j′

∂xn
gℓm.

The above is not any of the tensor transformation laws. Thus the

Christo�el symbol of the �rst kind is not a tensor.
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Christoffel symbols are not tensors -

Part 2

Christo�el symbols are not tensors

Similarly, we can show that the transformation law of the

Christo�el symbol of the second kind is given by

Γi
jk

′
= Li′

ℓ L
m
j′L

n
k′Γ

ℓ
mn + Li′

mLn
k′
∂Lm

j′

∂xn
,

and thus the Christo�ell symbol of the second kind is also not a

tensor.
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Next Lecture

Next time...

Chapter 7:

Christo�el symbols,

Covariant di�erentiation of tensors.
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