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CHAPTER 7: TENSOR FIELDS




Today: Chapter 7-Tensor Fields

Preliminary,

Covariant differentiation,
Christoffel symbols,

Covariant differentiation of tensors,
Ricci’s theorem,

Riemann-Christoffel tensor,

e B o B9 e =

Ricci tensor.




REMINDER




COVARIANT DERIVATIVES

Covariant derivatives

The covariant derivatives are defined by
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CHRISTOFFEL SYMBOL

Christoffel Symbol

The covariant derivatives are defined by
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We then define
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called Christoffel symbols of the second kind.



COVARIANT DIFFERENTIATION IN TERMS OF
CHRISTOFFEL SYMBOLS

Covariant differentiation in terms of Christoffel symbols

If we re-write the covariant derivatives using Christoffel symbols,

we get
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BACK TO A FIXED BASIS

Back to a fixed basis

Once more, covariant derivatives are defined by

A, :

Aig = 55 = P Ajs
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We have seen that, if the basis is fixed, then the Christoffel

symbols vanish:
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Then the covariant derivatives A; ;, and Afk reduce simply to
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CHRISTOFFEL
COEFFICIENTS

SYMBOLS AS EXPANSION

Christoffel symbols as expansion coefficients
Notice that

i _ei_aej de; —Tie
jk — Ok ork — T IkTY

thus I‘ijk are the expansion coefficients of the vector de;

respect to the basis ey, eg, e3. That is, if we write
oe;
—?C = Ale; + A%ey + Ades,
ox

then the coefficients A', A%, A® are given by




CHRISTOFFEL SYMBOLS AS EXPANSION COEFFI-
CIENTS - PART 2

Christoffel symbols as expansion coefficients

We can also expand the vector % with respect to the dual basis

el e? &3

We denote the coefficients of this expansion by I';;;. That is

Oe; Oe;
B k - Fzyke = Fzgk = €;- T k

These new symbols are called the Christoffel symbols of the
first kind.




DEFINITIONS: TWO TYPES OF CHRISTOFFEL
SYMBOL

Definitions.

m Christoffel symbols of second kind:

3 . Oe;
Fljk = ez 0 8—37']1
m Christoffel symbols of first kind:
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CHRISTOFFEL SYMBOLS AND METRIC TENSORS

Christoffel symbols and metric tensors

Christoffel symbols of the first and second kind are related via the
metric tensor:

Lijr = giefgjk, Fijk = gwrfkj,
where the Christoffel symbols are

Oej

Oe; . Oe;
oxk’

" Ok

Fijk = ei and Fijk = €;

and the metric tensor is

ge=e;-e and g¥=e- e




SUMMARY: CHRISTOFFEL SYMBOLS AND THE
METRIC TENSOR

Summary: Christoffel Symbols and the Metric Tensor

m Christoffel symbols of second kind

i i 0ej
F ik = (& © w
m Christoffel symbols of first kind
8ej

Christoffel symbols of the first and second kind are related via the
metric tensor

Tije = gl T = 9" Tag



CHRISTOFFEL SYMBOLS FORMULA




GENERALISED COORDINATE SYSTEM - CHRISTOF-
FEL SYMBOL FORMULA

Generalised coordinate system - Christoffel symbol formula

Because I';j; is symmetric in j, k, we can write

1
Lijie = 5 (Tiji + Likj)-
Using the definition
Oe;
Lijr = ei - 3—xi,

we get
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GENERALISED COORDINATE SYSTEM - CHRISTOF-
FEL SYMBOL FORMULA -PART 2

Generalised coordinate system - Christoffel symbol formula

We then obtain
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SUMMARY - CHRISTOFFEL SYMBOL FORMULA

Summary - Christoffel symbol formula

Christoffel symbol of the first kind is related to the metric
tensor of the underlying generalised coodinate system via

Tk = oxk ~ Oxd Ozt

1 (8%' Ogik agjlc)
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GENERALISED COORDINATE SYSTEM - CHRISTOF-
FEL SYMBOL FORMULA - SECOND KIND

Generalised coordinate system - Christoffel symbol formula

Since the Christoffel symbol of the first kind is given by

1 (3%']' Ogik agjk)

Typ = = :
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and we have the relation
Fi _ ’MI\ .
Jjk — g Lkjs
we can derive a formula for Christoffel symbols of the second kind:
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EXAMPLE

Example

Suppose a coordinate system (z', 22, 23) = (p, ¢, ) has metric
tensors given by

gun=1, ga=r1> g =singsino,
and the other components of the metric tensor are trivial. Using

1 (0gi; | Ogik _ OYjk
2\ 9zF = 027 Oxt

Lijr =

find all Christoffel symbols of the first and second kind



EXAMPLE - PART 2

Example

In the coordinate system (z!, 22, 2%) = (p, ¢, 0), we have
g1 =1, ga= TQ, 933 = Sin¢Sin97
and we know that the Christoffel symbols of first kind are given
by
1 (0gij , 99k  Ogjk
2 \0zk Oz Ot )’
9ij

The first step is then to determine which partial derivatives gwk
are 10N-zero.

Lijk =

Note that all g;; are constant, except for gso = r? and
gs3 = sin ¢ sin §. Thus

99ii — 0, wunless (i,4,k) = (2,2,1),(3,3,2),(3,3,3).
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EXAMPLE - PART 3

Since
9gij _ o
- =0, unless (i,5,k) =(2,2,1),(3,3,2),(3,3,3),
Ox
and

1 (0gii | Ogik  Ogjk
Dijk = = J . — —L
ik = (81"“ T B )

the only possibly non-zero Christoffel symbols are the ones having
m2 2 1, or
m 3, 3, 2, or
m 3,3 2

as indices (in some order).



EXAMPLE - PART 4

Example

Since (2!, 22, 23) = (p, ¢, 0) and

2 in &si
g2 =717, g33 =singsing,

we obtain
0922 _ 8_72 -9
oxl a or -
?;f; _ 8(8111;;111 0) )
9933 _ O(singsind) _ sin ¢ cos 6.
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EXAMPLE - PART 5

Let us combine everything. We found

m The only posisbly non-zero Christoffel symvbols are

192, T'212, T'o21, T'azz, I'zo3, I'sz2, I'zss.

m The non-zero partial derivatives are

0
= cos ¢ sin 0, oy sin ¢ cos 6.

o3

9922 _ . 0933
ozl T Ox?

m The Christoffel symbols of first kind are given by

r.. _ 1 (0gij  9gir _ 9gjk
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EXAMPLE - PART 6

; 1 (0g g dg
12 12 22
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= _1% — _l2r = —7r
2 Oxt 2 i
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Since the Chistoffel symbols are symmetric in their last two
indices, we also conclude

Pog1 = T'a12 = 7.




EXAMPLE - PART 7

Moreover
I = 1 9923 0923 _ 0933
23=5( 3.3 T 558 ~ 92
_ 10gs3 1 ,
T 92 —E(cosqﬁst).
T = Tany — L (0932 , 0933 Ogas
323 332 9 6%3 313 3x3
1 1
= 5% = é(cosqbsinﬁ),
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333 2\ 93 o3 O3
1 1
= 5% = Q(sinqﬁcosﬁ).




EXAMPLE - PART 8

Thus, the Christoffel symbols of first kind are given by
[i90 = —r, Foo1 =Ta12 =1,
Tog3 = —%(cos¢)sin 0) T'g93 =T'330 = %(cosd)sin 0),
333 = %(sinqbcos 0),

and I';j, = 0, for all other values of i, j, k.




EXAMPLE - PART 9

To find the Christoffel symbols of second kind, we use the formula
I =g"Ty; and g% =1/gs.
We have
F%z = gwrézz = 911F122 + 912T222 + 9131“322

1 1
11
= g1 = ) =
g L22 9111122 7 (=) r

Similarly,

1
I3, =T% = ¢°Te = g%°Tao1 = 2=




EXAMPLE - LAST STEP

Following the same steps for the other Christoffel symbols of
second kind, we find

F%Z__Tv
1
2, =r2,=-
21 12=
2 __cos¢sing
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1
IS, =Id, = ——
2 2 2tan ¢’
1
3, = ——
337 9tang’

and F;k = 0, for all other values of ¢, j, k.




TASK

Your turn!

In Exercise 5.5, you showed that, in spherical coordinates

(x', 22, 23) = (r, ¢, 0), the metric tensors are

2 2 2
g1 =1, g =17" g33=r"sin"¢,

and the other components of the metric tensor are trivial. Using

1 ij ik 99;

2\ OxzF = OxJ ozt

find all Christoffel symbols of the first and second kind



COVARIANT DIFFERENTIATION OF
TENSORS




RECAP OF VECTORS

Recap of vectors

Recall that the covariant derivatives of a vector can be written
in terms of the Christoffel symbol of the second kind:

0A;
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SECOND RANK TENSORS

Second rank tensors

Likewise, we have formulae for the covariant derivative of
components of second-rank tensors:

oT;
Tike = o Zf I Tk — T e Tim
; oT* . )
Tzk — = y + Fszka + kaKsz
. 8Tl .
e Dl b T T =TT

These quantities Tjy ¢, T“}, Tzk ¢ transform under the appropriate
tensor transformation law respectively (Exercise).




NEXT LECTURE

Next time...
Chapter 7:

m Ricci’s theorem.
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