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CHAPTER 7: TENSOR FIELDS




Today: Chapter 7-Tensor Fields
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Preliminary,

Covariant differentiation,
Christoffel symbols,

Covariant differentiation of tensors,
Ricci’s theorem,
Riemann-Christoffel tensor,

Ricci tensor.




REMINDER




GENERALISED COORDINATES WITH LOCAL BASIS

Generalised Coordinates with local basis

m Recall: We are now considering generalised coordinate systems
with local bases.

m A local basis is a basis e, ey, e3 that varies from point to
point:

©) = ej(xl,mz,x3), ej = ej( 1,$2,$3)-

m Because e, ey, e3 is a basis, any vector A = A(r) can be
expanded as

A =e'A; + e?Ay + €3 A3 and
= elAl 4F 92A2 4= 93A3.




DIFFERENTIAL OF A VECTOR

Differential of a vector

m Let e, ez, eg be a local basis.
m Let A be a vector. Then

A=e'A; +e?Ay+ €345 = Ajej
and A = e; A + ey A% + 63A3 = Ajej.

m The differential of the vector A is then
dA = d(Ajel) = e/ dA; + Ajde’,
dA = d(Alej) = ej dAT + A7 de;.

m Since ej, es, e3 is a local basis, we do not necessarily have
that de’ and de; are zero.



PARTIAL DERIVATIVES ARE VECTORS

Partial derivatives are vectors
m Let A be a vector (i.e. a rank-one tensor).

m Then each partial derivative 37“,: (k=1,2,3) is a vector.

m As any vector, the vector % also has covariant and

contravariant components:
» Contravariant: v = (A;)'e; + (Ax)%ex + (A)%es = (A))'e;.
» Covariant: vy = (A4;)1e! + (Ay)20% + (Ar)ze® = (Ay);e’.

For simplicity, we write

m A = (Ag)
[ Ai,k = (Ak:)z



PARTIAL DERIVATIVES ARE VECTORS

Partial derivatives are vectors

m We have computed the following formulae for the covariant
components:

: J
0A L 0A L, D

m Similarly, we showed that the contravariant components are
given by

0A

= Ork

T = oxk +4 ozk &

A,




CHRISTOFFEL SYMBOL

Christoffel Symbol

Again, the covariant derivatives are given by

04; de’
Auk = ok A e
. 0A 0ej
A= g A 5 €
We then define
~ . Oe; : de’
]._‘ij = eZ 0 87'1)‘]7“ and F]’ik = —€; - @
These are the Christoffel symbols of the second kind. Using
such notation 0A4A; ;
A = 55 = T4y,
A e
Ay 9k + I A



AS EXPANSION COEFFICIENTS

Christoffel sy
m Recall that the partial derlvatlves A of any vector A are
vectors.
m Thus, we can expand each af,‘c with respect to a basis

e1, ey, e3, and with respect with its dual e', e?, 3.

m It turns out that the I‘ijk are the expansion coeflicients of

the vector % with respect to the basis eq, eq, es:

9e _
ozk

Fl kel =F F ]ke2 4F F ]ke3 = Fijkei.




CHRISTOFFEL SYMBOLS OF FIRST KIND

Christoffel symbols of first kind

m The same way Fijk are the expansion coefficients of the

vector % with respect to the basis ey, es, es:

oe; .
a_x']]c = Fljkel == FijGQ == ngke3 = szkei,
we can also expand the vector % with respect to the dual

basis e!, €2, e3.

m The new coefficients are denoted by I';j. That is

8e]~

1 2 3 ]
W = Fljke aF ngke = ngke = Fijkel.

m These new symbols are called the Christoffel symbols of
the first kind.



SUMMARY: CHRISTOFFEL SYMBOLS AND THE MET-
RIC TENSOR

Summary: Christoffel Symbols and the metric tensor

m Christoffel symbols of second kind are defined as
8ej

‘., =e - .
Jk Oxk

m Christoffel symbols of first kind are defined as

Christoffel symbols of the first and second kind are related via the
metric tensor

Tije = gl T = 9" Tag



PROPERTIES OF CHRISTOFFEL SYMBOLS

Properties of Christoffel symbols

m Symmetry in the last two indices: The Christoffel symbols
I ik and I';;; are symmetric in the indices j and k. That is

Fijk = Fikj7 and Fijk = Fikj.
m They are not tensors!

m We have a formulae relating Christoffel symbols to the metric

tensor: | /8 5 9
Fijk: _ = ( Gij I 9ik g]{c) :

2\ 9zF  Oz7 Ot
pio = L (5%' 9gu 5’9jk) ‘

‘s g ozk = OxJ oz?




TASK

Your turn!

Consider coordinates (z!, 22 %) = (u, v, w) with position vector

given by
r=ec"i; +¢e'is + wis.

Using

r.. — 1 (9% , 99 gk
ik =9\ 9zF " 9 Oai

find all Christoffel symbols of the first and second kind.



RICCI’S THEOREM




Riccr’'s THEOREM:

Ricci’s Theorem.

The covariant derivative of the metric tensor g;, vanishes.

Proof

We have the general formula

0Ty,

Tig e = Bt

— D7 I = DT
Applying it to Tixe = gike, we get

0gix
Gik,p = 8_:1;1‘ — I"5gmk — T'heGim.-




PROOF OF RIccI’S THEOREM

Recall the relationship between first and second Christoffel symbols

ik = giel"ji-

Thus,
09;
gike = 5 g — I"%egmk — T'gegim
8gzk
=55l Like — Tie-
Using the relation
0 dg; 9,
ka 9ij I gz/:c - g]{c
ozt  Ori  Oxt
we get

99k _ 1 (Ogix  Ogie Ogke 1 (Ogik  Ogie _ Ogi
Tkt =9 ~ 2\ 927 " 92k O ozt = ozt Oxk )"



PROOF OF RICCI’S THEOREM - PART 2

Now,
o _Ogix 1 8gz‘k 39/2/ gyt Ogi Ogd
= el T 3 /5:5 Dt ort ' Ori  Pxk
_Ogi 1 89iks . 99
oxt 2\ 9zt  Oxt
]




USEFUL FORMULA

Useful formula

By Ricci’s theorem, we have

dg;
gike = 5 g — I 9mk — T'gegim

_ 99ik
ozt

which yields the following useful formula

—Dike —Thie =0

8gzk
Ox 9.0

In particular, in orthogonal coordinates

= Dike + Trie.

Dite + Tkie = 0 = D = —Tiye.



EXAMPLE - RIcCI’S THEOREM

Example

Consider a orthogonal coordinate system (z!, 22,z

the metric tensor go9 is

922=P2—T2-

Find F122, F212 and F221.

Solution: We have

3):(p7 7-7 0)7

Tio — 1 (3912 0912 3922) 1 0gx
122 = 5 _ _

0x?2  0x2  Ozx!
_ ]. 8 2 2
1
= —5(20) = —p.




EXAMPLE - RICCI’S THEOREM - PART 2

Example

We found
o2 = —p.
We still need to find I'y19 and I'o1.

Solution: By Ricci’s Theorem
o190 = —T'122 = p.

By the symmetry of the Christoffel symbol in the last two
components

Pa91 = T'212 = p.




REMARK - RICCI’S THEOREM

Remark

From Ricci’s Theorem, we derived that in orthogonal
coordinates
Like = —Lkie.

However, this only works for Christoffel symbols of first kind!!

Consider again the orthogonal coordinate system

(x, 22, 2%) = (p, 7, 0), where the metric tensor gog is

goo = p? — 72, and we also assume g1 = 1.

Let us find T3, and I'?, to show that I'}, # —I'%,.



REMARK - RICCI’S THEOREM - PART 2

|

Example
Again
g2o = p*> — 72, and we also assume  gj; = 1.

Since this system is orthogonal

1 1 1
g = 1 922:_:ﬁ-
g11 922 p°—T
Using
]k = g"Ty;i, [y99 = —p, [212 = p,
we find

T3 = g¥Teas = gM'T122 = —p.

1
Iy = g Tpg = ¢%Ta1s = e p=

_ P2 — 72




REMARK - RICCI’S THEOREM - PART 3

Example

We found

So, I'y, # —TI'%,, as claimed.

The symmetry on the last indices holds for Cristoffel symbols of
second kind. Thus, it is true that




NEXT LECTURE

Next time...
Chapter 7:

m Riemann-Christoffel tensor.
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