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Chapter 7: Tensor Fields



Today: Chapter 7�Tensor Fields

1. Preliminary,

2. Covariant di�erentiation,

3. Christo�el symbols,

4. Covariant di�erentiation of tensors,

5. Ricci's theorem,

6. Riemann-Christo�el tensor,

7. Ricci tensor.
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Reminder



Generalised Coordinates with local basis

Generalised Coordinates with local basis

Recall: We are now considering generalised coordinate systems

with local bases.

A local basis is a basis e1, e2, e3 that varies from point to

point:

ej = ej(x
1, x2, x3), ej = ej(x1, x2, x3).

Because e1, e2, e3 is a basis, any vector A = A(r) can be

expanded as

A = e1A1 + e2A2 + e3A3 and

= e1A
1 + e2A

2 + e3A
3.
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Differential of a vector

Di�erential of a vector

Let e1, e2, e3 be a local basis.

Let A be a vector. Then

A = e1A1 + e2A2 + e3A3 = Aje
j

and A = e1A
1 + e2A

2 + e3A
3 = Ajej .

The di�erential of the vector A is then

dA = d(Aje
j) = ej dAj +Aj de

j ,

dA = d(Ajej) = ej dA
j +Aj dej .

Since e1, e2, e3 is a local basis, we do not necessarily have

that dej and dej are zero.
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Partial derivatives are vectors

Partial derivatives are vectors

Let A be a vector (i.e. a rank-one tensor).

Then each partial derivative ∂A
∂xk (k = 1, 2, 3) is a vector.

As any vector, the vector ∂A
∂xk also has covariant and

contravariant components:

▶ Contravariant: vk = (Ak)
1e1 +(Ak)

2e2 +(Ak)
3e3 = (Ak)

iei.

▶ Covariant: vk = (Ak)1e
1 + (Ak)2e

2 + (Ak)3e
3 = (Ak)ie

i
.

For simplicity, we write

Ai
·k = (Ak)

i.

Ai,k = (Ak)i.

4 21



Partial derivatives are vectors

Partial derivatives are vectors

We have computed the following formulae for the covariant

components:

Ai,k =
∂A

∂xk
· ei =

∂Ai

∂xk
+Aj

∂ej

∂xk
· ei.

Similarly, we showed that the contravariant components are

given by

Ai
·k =

∂A

∂xk
· ei = ∂Ai

∂xk
+Aj ∂ej

∂xk
· ei.
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Christoffel Symbol

Christo�el Symbol

Again, the covariant derivatives are given by

Ai,k =
∂Ai

∂xk
+Aj

∂ej

∂xk
· ei,

Ai
,k =

∂Ai

∂xk
+Aj ∂ej

∂xk
· ei.

We then de�ne

Γi
jk = ei · ∂ej

∂xk
and Γj

ik = −ei ·
∂ej

∂xk
.

These are the Christo�el symbols of the second kind. Using

such notation
Ai,k =

∂Ai

∂xk
− Γj

ikAj ,

Ai
,k =

∂Ai

∂xk
+ Γi

jkA
j .

6 21



Γi
jk as expansion coefficients

Christo�el symbols as expansion coe�cients

Recall that the partial derivatives ∂A
∂xk of any vector A are

vectors.

Thus, we can expand each ∂A
∂xk with respect to a basis

e1, e2, e3, and with respect with its dual e1, e2, e3.

It turns out that the Γi
jk are the expansion coe�cients of

the vector
∂ej
∂xk with respect to the basis e1, e2, e3:

∂ej
∂xk

= Γ1
jke1 + Γ2

jke2 + Γ3
jke3 = Γi

jkei.
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Christoffel symbols of first kind

Christo�el symbols of �rst kind

The same way Γi
jk are the expansion coe�cients of the

vector
∂ej
∂xk with respect to the basis e1, e2, e3:

∂ej
∂xk

= Γ1
jke1 + Γ2

jke2 + Γ3
jke3 = Γi

jkei,

we can also expand the vector
∂ej
∂xk with respect to the dual

basis e1, e2, e3.

The new coe�cients are denoted by Γijk. That is

∂ej
∂xk

= Γ1jke
1 + Γ2jke

2 + Γ3jke
3 = Γijke

i.

These new symbols are called the Christo�el symbols of

the �rst kind.
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Summary: Christoffel Symbols and the met-

ric tensor

Summary: Christo�el Symbols and the metric tensor

Christo�el symbols of second kind are de�ned as

Γi
jk = ei · ∂ej

∂xk
.

Christo�el symbols of �rst kind are de�ned as

Γijk = ei ·
∂ej
∂xk

.

Christo�el symbols of the �rst and second kind are related via the

metric tensor

Γijk = giℓΓ
ℓ
jk, Γi

jk = giℓΓℓkj .
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Properties of Christoffel symbols

Properties of Christo�el symbols

Symmetry in the last two indices: The Christo�el symbols

Γi
jk and Γijk are symmetric in the indices j and k. That is

Γijk = Γikj , and Γi
jk = Γi

kj .

They are not tensors!

We have a formulae relating Christo�el symbols to the metric

tensor:

Γijk =
1

2

(
∂gij
∂xk

+
∂gik
∂xj

−
∂gjk
∂xi

)
,

Γi
· jk =

1

2
giℓ

(
∂gℓj
∂xk

+
∂gℓk
∂xj

−
∂gjk
∂xℓ

)
.
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Task

Your turn!

Consider coordinates (x1, x2, x3) = (u, v, w) with position vector

given by

r = eu i1 + ev i2 + w i3.

Using

Γijk =
1

2

(
∂gij
∂xk

+
∂gik
∂xj

−
∂gjk
∂xi

)
�nd all Christo�el symbols of the �rst and second kind.
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Ricci's theorem



Ricci's Theorem:

Ricci's Theorem.

The covariant derivative of the metric tensor gik vanishes.

Proof.

We have the general formula

Tik,ℓ =
∂Tik

∂xℓ
− Γm

iℓTmk − Γm
kℓTim.

Applying it to Tik,ℓ = gik,ℓ, we get

gik,ℓ =
∂gik
∂xℓ

− Γm
iℓgmk − Γm

kℓgim.
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Proof of Ricci's Theorem

Proof.

Recall the relationship between �rst and second Christo�el symbols

Γijk = giℓΓ
ℓ
jk.

Thus,

gik,ℓ =
∂gik
∂xℓ

− Γm
iℓgmk − Γm

kℓgim

=
∂gik
∂xℓ

− Γikℓ − Γkiℓ.

Using the relation
Γijk =

1

2

(
∂gij
∂xk

+
∂gik
∂xj

−
∂gjk
∂xi

)
we get

gik,ℓ =
∂gik
∂xℓ

− 1

2

(
∂gik
∂xℓ

+
∂giℓ
∂xk

− ∂gkℓ
∂xi

)
− 1

2

(
∂gik
∂xℓ

+
∂gkℓ
∂xi

− ∂giℓ
∂xk

)
.
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Proof of Ricci's Theorem - Part 2

Proof.

Now,

gik,ℓ =
∂gik
∂xℓ

− 1

2

(
∂gik
∂xℓ

+
�
��

∂giℓ
∂xk

−
�
��

∂gkℓ
∂xi

)
− 1

2

(
∂gik
∂xℓ

+
�
��

∂gkℓ
∂xi

−
�

��
∂giℓ
∂xk

)
=

∂gik
∂xℓ

− 1

2

(
∂gik
∂xℓ

+
∂gik
∂xℓ

)
= 0.
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Useful formula

Useful formula

By Ricci's theorem, we have

gik,ℓ =
∂gik
∂xℓ

− Γm
iℓgmk − Γm

kℓgim

=
∂gik
∂xℓ

− Γikℓ − Γkiℓ = 0

which yields the following useful formula

∂gik
∂xℓ

= Γikℓ + Γkiℓ.

In particular, in orthogonal coordinates

Γikℓ + Γkiℓ = 0 =⇒ Γikℓ = −Γkiℓ.
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Example - Ricci's Theorem

Example

Consider a orthogonal coordinate system (x1, x2, x3) = (ρ, τ, θ),
the metric tensor g22 is

g22 = ρ2 − τ2.

Find Γ122, Γ212 and Γ221.

Solution: We have

Γ122 =
1

2

(
∂g12
∂x2

+
∂g12
∂x2

− ∂g22
∂x1

)
= −1

2

∂g22
∂x1

= −1

2

∂

∂ρ
(ρ2 − τ2)

= −1

2
(2ρ) = −ρ.
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Example - Ricci's Theorem - Part 2

Example

We found

Γ122 = −ρ.

We still need to �nd Γ212 and Γ221.

Solution: By Ricci's Theorem

Γ212 = −Γ122 = ρ.

By the symmetry of the Christo�el symbol in the last two

components

Γ221 = Γ212 = ρ.
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Remark - Ricci's Theorem

Remark

From Ricci's Theorem, we derived that in orthogonal

coordinates

Γikℓ = −Γkiℓ.

However, this only works for Christo�el symbols of �rst kind!!

Example

Consider again the orthogonal coordinate system

(x1, x2, x3) = (ρ, τ, θ), where the metric tensor g22 is

g22 = ρ2 − τ2, and we also assume g11 = 1.

Let us �nd Γ1
22 and Γ2

12 to show that Γ1
22 ̸= −Γ2

12.
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Remark - Ricci's Theorem - Part 2

Example

Again

g22 = ρ2 − τ2, and we also assume g11 = 1.

Since this system is orthogonal

g11 =
1

g11
= 1, g22 =

1

g22
=

1

ρ2 − τ2
.

Using

Γi
jk = giℓΓℓjk, Γ122 = −ρ, Γ212 = ρ,

we �nd

Γ1
22 = g1ℓΓℓ22 = g11Γ122 = −ρ.

Γ2
12 = g2ℓΓℓ12 = g22Γ212 =

1

ρ2 − τ2
· ρ =

ρ

ρ2 − τ2
.
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Remark - Ricci's Theorem - Part 3

Example

We found
Γ1
22 = −ρ.

Γ2
12 =

ρ

ρ2 − τ2
.

So, Γ1
22 ̸= −Γ2

12, as claimed.

Remark

The symmetry on the last indices holds for Cristo�el symbols of

second kind. Thus, it is true that

Γ2
21 = Γ2

12 = − ρ

ρ2 − τ2
.
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Next Lecture

Next time...

Chapter 7:

Riemann-Christo�el tensor.
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