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CHAPTER 7: TENSOR FIELDS




Today: Chapter 7-Tensor Fields
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Preliminary,

Covariant differentiation,
Christoffel symbols,

Covariant differentiation of tensors,
Ricci’s theorem,
Riemann-Christoffel tensor,

Ricci tensor.
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REMINDER




GENERALISED COORDINATES WITH LOCAL BASIS

Generalised Coordinates with local basis

m Recall: We are now considering generalised coordinate systems
with local bases.

m A local basis is a basis e, es, eg that varies from point to
point:

) = ej(xlawzuxg)a ej = ej( 1,:132,$3)-
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CHRISTOFFEL SYMBOLS AND THE METRIC TENSOR

Christoffel Symbols and the metric tensor

m Christoffel symbols of second kind are defined as
8ej

., —et. .
Jjk Oxk

m Christoffel symbols of first kind are defined as

Christoffel symbols of the first and second kind are related via the
metric tensor

Tijk = giel S Iy = g“To;.
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AS EXPANSION COEFFICIENTS

Christoffel sy
m Recall that the partial derlvatlves A of any vector A are
vectors.
m Thus, we can expand each af,‘c with respect to a basis

e1, ey, e3, and with respect with its dual e', e?, 3.

m It turns out that the I‘ijk are the expansion coeflicients of

the vector % with respect to the basis eq, eq, es:

Oe;

1 .
@ = F kel =F FJkGQ 4F ije3 = szkei.
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CHRISTOFFEL SYMBOLS OF FIRST KIND

Christoffel symbols of first kind

m The same way Fijk are the expansion coefficients of the

vector % with respect to the basis ey, es, es:

oe; .
a_x']]c = Fljkel == FijGQ == ngke3 = szkei,
we can also expand the vector % with respect to the dual

basis e!, €2, e3.

m The new coefficients are denoted by I';j. That is

8e]~

1 2 3 ]
W = Fljke aF ngke = ngke = Fijkel.

m These new symbols are called the Christoffel symbols of
the first kind.



PROPERTIES OF CHRISTOFFEL SYMBOLS

Properties of Christoffel symbols

m Symmetry in the last two indices: The Christoffel symbols
I ik and I';;; are symmetric in the indices j and k. That is

Fijk = Fikj7 and Fijk = Fikj.
m They are not tensors!

m We have a formulae relating Christoffel symbols to the metric

tensor: | /8 5 9
Fijk: _ = ( Gij I 9ik g]{c) :

2\ 9zF  Oz7 Ot
pio = L (5%' 9gu 5’9jk) ‘

‘s g ozk = OxJ oz?
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Riccr’'s THEOREM:

Ricci’s Theorem.

The covariant derivative of the metric tensor g;, vanishes.

Useful formula

Ricci’s theorem yields the following useful formula

ik
a—ng = Dige + Trie.

In particular, in orthogonal coordinates

Dite + Tkie = 0 = D = —Diye.
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RIEMANN-CHRISTOFFEL TENSOR




DEFINING SPACES

Defining spaces

So far we have only been (mostly) dealing with the usual
'Euclidean space R3, whether we used Cartesian coordinates or
generalised coordinates.

However there are other types of spaces.

For example: the surface of a sphere is a two-dimensional
non-Euclidean space.

Question: How can we distinguish between different spaces?

1A Euclidean vector space is a finite-dimensional inner product space over
the real numbers.
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CURVATURE

One way of distinguishing these spaces is to use curvature:

m FEuclidean space has zero curvature,
m The surface of a sphere has positive curvature,

m Hyperbolic space has negative curvature.

Question: Is there a condition that tells us when a space must be
Euclidean?

In other words, can we determine whether a space has zero
curvature or not?
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PARTIAL DERIVATIVES

Partial derivatives

Let A be a vector field with components A;(x!, 2%, x3).

m The partial derivative of a component is written as

0A;
oxJ’

m Since each component A; = A;(z!, 22, 23) is a function, we are
simply taking a partial derivatice of a function.

m For smooth functions, partial derivatives always commute
0 (0A;\ 0 [(04A;
oxk \oxi ) 027 \0xF )’
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PARTIAL DERIVATIVES VS TENSORS

A key issue

m A vector field is not merely a collection of component
functions.

m [t is a geometric object whose components change under a
change of coordinates. (I.e. a tensor.)

m If we compute
04;

Oxd’
for each component, the result does not transform as a tensor
under general coordinate changes.

m Therefore, to differentiate vector fields in a way that respects
the tensor properties, we need a different notion of
derivative.
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COVARIANT DERIVATIVES

Covariant derivatives

m To make distinction between both concepts, recall that we
denote the covariant derivative of A; by A, ;.

m To stress out this distinction even more, write

Aiv]' = VJAZ
m We have seen that
0A4;
Aij = V;di= 9 % Ap. (Week 26.2)

» The partial derivative differentiates the components.
» The Christoffel symbols correct for the change of basis.
» The result transforms as a tensor.

12 36



THE EUCLIDEAN SPECIAL CASE

Euclidean space in Cartesian coordinates

In Euclidean space with Cartesian coordinates,

0A4;
A = —.
Vi oxJ
This is because
I =o0.

This is why partial and covariant derivatives appear identical in
vector calculus.
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SECOND DERIVATIVES

Second derivatives

Second partial derivatives always commute:
2 (5= 2 (24)
Oxk \oxi ) 0xi \ 02k )~
Second covariant derivatives are written as
A; ki = ViV A;.
There is no reason for these to commute in general. That is
ViV;A; #V;ViA;,

equivalently
Ai ke # Ai, kj-
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CURVATURE

Next steps

m We will show that A; jp — A;; is a tensor.
m This tensor is called Riemann-Christoffel tensor.

m To check if we are in Euclidean space, we check if the space
has zero curvature.

m By the above, this amounts to verifying whether the
Riemann-Christoffel tensor is zero.

Summary

m Partial derivatives always commute.

m Covariant derivatives commute iff curvature is zero.

m Curvature measures the failure of covariant derivatives to
commute.
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RIEMANN—-CHRISTOFFEL TENSOR

Riemann—Christoffel

m To check whether we are in Euclidean space, we check
whether the space has zero curvature.

m That is, whether covariant derivatives commute:

V;ViAi = ViV, A;.

m We define the Riemann—Christoffel tensor by
jokA’r‘ = V]VkAZ — VkV]AZ

m We now derive a coordinate formula for R’ ik
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DERIVING THE RIEMANN—CHRISTOFFEL TENSOR

Deriving the Riemann—Christoffel tensor

Recall the general formula for covariant differentiation of a
second-rank tensor

Ty,
We apply this to T;, = Vi A;, obtaining
O(ViA4;)
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DERIVING THE RIEMANN-CHRISTOFFEL TENSOR, —
PART 2

Deriving the Riemann—Christoffel tensor

Again
A(ViA;)
—_— = F’;ijAp — Fl;chpAi.

ViVidi = =55

Recall that

Substituting,

o (0A; 04, ..
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DERIVING THE RIEMANN-CHRISTOFFEL TENSOR, —
PART 3

Deriving the Riemann-Christoffel tensor

Expanding,
) 8Ai . A .
OA;
_ TP T
r (M ,4.)
_ 0*A; r.aA,q_A ar”. o DA, b _ OA;

029 Ok ke D " Qi 4 gy ki 9P
+ (T%, T + T, Ar.

Interchanging j and k gives the formula for V;V;A;.
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DERIVING THE RIEMANN-CHRISTOFFEL TENSOR, —
PART 4

Deriving the Riemann-Christoffel tensor
Recall that V;VA; is given by

PAi_ e OA O 1 DAy _pp OAs

0xidzk  F 9gi " O i Gk ki §ap

+ T2 T A, + T T A,

We find a formula for

V;ViA; — Vi V;A;,
by observing each of the following different types of terms:
m terms involving second derivatives of A,
m terms involving first derivatives of A,

m terms depending only on the Christoffel symbols.

20
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DERIVING THE RIEMANN-CHRISTOFFEL TENSOR, —
PART 5

Second derivatives
Recall that V;VA; is given by

0% A; r 0Ar O 0Ap 1y A

+ FﬁjF;kAr + F’;cjl“rpiAT.

079 0z* ki " O i Yk ki 9yp

Thus, the terms of V;V,A; — V,V;A; involving second
derivatives of A are
0% A; 0%A;
Oxidxk  OxkOxi”

Since partial derivatives commute, this term vanishes:

A PA
Oridxk  Oxkoxi
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DERIVING THE RIEMANN-CHRISTOFFEL TENSOR, —
PART 6

First der
Recall that V; VkA is given by

9’ A; r 0Ar | OT%| pp O0Ap  p A

Ai | _pr O4r |, Ol . T?, T Ay + T%, T A,
927 0zF| ¥ Bz Bzi | ipgk | kigge | T pRAr T

Thus, the terms of V;ViA; — ViV, A; involving first derivatives
of A are

(_ » 0A, e 0A, . 8Ai) _ (—I‘Tv 0A, ® 0A, . 8A,-)

Moxi T W ogk Tk ggp A R L
Rearranging,
. 0A. ., 04, L, 0A, DA, » OA; DA
( ki oI Fik 856]) ( Fz] Oxk Jza ke + Pk] OxP F]’k OxP :
=0, because l"zik:r‘lki =0, because F%].:szi =0, because l"zkal"éjk
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DERIVING THE RIEMANN-CHRISTOFFEL TENSOR, —
PART 7

Remaining terms
Recall that V;VA; is given by

824, P OA| O | 04y Ly OA:
023 Ok ke O 029 4 Gk ki §ap

+T%, Tk Ar + T T A |

Since all terms involving first and second derivatives of A cancel
out, we are left with terms depending only on the Christoffel
symbols:

ary,  ory,
Oxd Oxk

V;ViAi — ViV A = < ) Ar + (Fzz)‘krr Fz] ;k) Ar.

Here 861; ki denotes the ordinary partial derivative of the function

Wi = Dha(t, 2%, 2%).
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DERIVING THE RIEMANN-CHRISTOFFEL TENSOR, —
FINAL

Definition of curvature
We therefore define the Riemann—Christoffel tensor by

V;Vid; — ViVj4; = R Ay,

where - P
B T T — T

r

kT g oxk
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THE RIEMANN-CHRISTOFFEL TENSOR IS A
TENSOR

The Riemann—Christoffel tensor is in fact a tensor

Recall VijAi = VijAi = RrijkAr- (1)

Let us show that R’;jk 1S a tensor.

Proof.
m Since the left-hand side of (1) is a subtraction of tensors, it is

a tensor.

m Since the left-hand side of (1) is a tensor, so is R,

‘]kAT
m Because A, is arbitrary, it follows by the quotient rule that

R, is a tensor.
L]

25
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CONDITION FOR EUCLIDEAN SPACE

Condition for Euclidean Space

For Euclidean space, we need zero curvature: A; ji = A; 1.

We have shown
Aijk — Aigj = R Ar

so the condition for a space to be Euclidean is therefore

Ai,jk = Ai,kj < Ai,jk — Ai,kj =0 <<= Rz]k = 0.

This means that a Euclidean space must have a vanishing
Riemann-Christoffel tensor.
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EXAMPLE

Example

Consider the surface of the sphere of radius r = 1, which is a
surface of positive curvature.

The position vector is given in spherical coordinates

(z', 2%) = (¢,0) by

r = sin ¢ cos 0 i1 + sin ¢ sin iy + cos @ i3,

and thus
e = a; = cos ¢ cos B i + cos ¢psinf iy — sin @ i3
or . .. . .
ey = 20 = — sin ¢ sin i + sin ¢ cos 6 is.

We will now find the components of the Riemann-Christoffel tensor.
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EXAMPLE - PART 2

Methodology: Recall Riemann-Christotfel tensor
. [ o _, 0

ijk = =7 D57 — T%, ’”]

e M Baf
So we will need:
m Christoffel symbols of second and first kind

99¢; | Ogm  Ogjk
oxk  OxJ oxt )’

~ 2

1 (9gi;  Ogi  Ogjk
r = J 2 — =L
ik =3 (833’“ t Bed o

i

m the metric tensor

gij =e€; - ej.
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EXAMPLE - PART 3

Example

We first find the components of the metric tensor via

gij = €; - €.

Using the values we found for e; and e

0

e = E; = cos ¢ cos iy + cos ¢sin iy — sin P is
or

€2

=55 = — sin ¢ sin 6i; + sin ¢ cos  is.

we get

gin=1, g12=0, g =sin’g¢.
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EXAMPLE - PART 4

Example
Next we find Christoffel symbols of the first kind using the formula

1 (0gij  Ogik  Ogjk
2\ 0zF Oz Oxt )’

Lijr =

Hegattm, gin=1, gi2=0, g =sin’¢.

%‘gzcb that is non-zero is

Thus, the only

8922 _ aSiHQ(b
oxt 09

= 2sin ¢ cos ¢.

We conclude that T';jx = 0, unless two indices are 2 and one index
is 1.



EXAMPLE - PART 5

Example

Consequently,

11 = T2 = T2 =12 = Tage = 0.

Moreover, . =1 (0gi2 , Og12 Oga
2279\ 022 " 922 0!

= % (_asgqu) = — sin ¢ cos ¢.

Using Ricci’s Theorem, we obtain

0
0= % = I'199 + I'210.
T
We conclude
F212 = —Flgg = Sin(bCOS ¢



EXAMPLE - PART 6

Example
Also, by the symmetry of the Chritoffel symbols I'9g; = I'219.
We conclude

I'111 =Tz = T'ia1 = Tann = a2 =0,

['199 = —sin ¢ cos ¢,

991 = T'912 = sin ¢ cos ¢.

Next, we find Christoffel symbols of the second kind using

5 = g" Ty
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EXAMPLE - PART 7

Example
First, we find the components of the metric tensor

1 1 1
gllz__17 9222__ . 2 ) 91220’
gii 922 sin“ ¢

Recall that Christoffel symbols of the first kind are
111 = Tg = Tior = Tarn = Taxe =0,
I'192 = —sin ¢ cos ¢, I'291 = sin ¢ cos ¢.
Thus, the Christoffel symbols of the second kind are
Fln = I‘112 = I‘211 = F222 =0,
F122 = glérezz = g'' 99 4 g?T999 = —sin ¢ cos ¢,
%y = ¢*Toa = ¢*'T112 + g*Ta12 = cot ¢.
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EXAMPLE - PART 8

Example

The Christoffel symbols of the second kind are
Flll = P112 = F121 =] F211 = ]__‘222 — 0’
I',, = —singcos¢, T3, =T3 = cotao.

Therefore, we can find the Riemann-Christoffel tensor using the
formula
0 0

T _ _r'__r“ P T‘._ p”'r
ijk — 8:53T]“ 8xkFZJ+FikFP] Fw pk| -

Notice that
1 1 1 1 1 1 1
R111 :R112 :R121 :R211 :R122 :R221 :R222 =0,

2 _ P2 _ P2 _ P2 _ P2 —
Rlll_R211_R221_R122_R222_0'
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EXAMPLE - PART 9

The Christoffel symbols of the second kind are

Fln = F112 = 1_‘211 = 1_‘222 =0,

Iy = —singcosg, I'?%, = coto.

Moreover,
1 9 1 9 1 p 1l p 1l
Ry =570 = 5500 1ol = Iy T

0

= 8_¢F122 - 1_‘22111122
0 . cos ¢ .

= %(—smqﬁcosqﬁ) - m(— sin ¢ cos @)

= —cos? ¢ + sin® ¢ + cos? ¢

= sin® .
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NEXT LECTURE

Next time...
Chapter 7:

m Ricci tensor.
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