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Revision



Today: Revision

Su�x and vector notation, delta and alternating tensor,

Vector Di�erential Operators,

Local coordinate transformation,

Tensors in orthogonal (Cartesian) Coordinates,

Dual basis,

Covariant and contravariant components of a vector,

Covariant and contravariant components of a 2nd-rank tensor,

Tensors in a generalised coordinate system,

Symmetries,

Tensor algebra,

Arc length and the metric tensor,

Christo�el symbols & Ricci's Theorem,

Riemann-Christo�el tensor,
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Dual Bases



Generalised coordinate systems

De�nition

Generalised coordinate systems do not necessarily have
orthogonal coordinate bases.

Next

How do we switch between two generalised coordinate
systems?

It is a bit more challenging than just rotating a orthogonal
coordinate system.

Let us start with a particular case: dual basis.
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Dual Bases

De�nition.

Two bases e1, e2, e3 and e1, e2 , e3 are dual if they satisfy

ei · ek =

{
0 if i ̸= k,
1 if i = k.

Method of Dual Basis

The dual basis ei can be found from the original basis ei via

ei =
ej × ek

ei · (ej × ek)
=

ej × ek
V

,

and the original basis ei can be found from the dual basis ei via

ei =
ej × ek

ei · (ej × ek)
=

ej × ek

V ′ ,

where (i, j, k) is a cyclic permutation of (1, 2, 3).
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Example - Dual Basis

Example - Dual Basis

Let (again) K be a Cartesian coordinate system with orthonormal
basis i1, i2, i3, and K ′ is a coordinate system with basis

e1 = 2i1 + 2i2 + i3, e2 = i1 + i2, e3 = i1 + 2i2 + 4i3.

Let us �nd the dual basis ei.

First, we �nd the cross products:

e1 × e2 =

 2
2
1

×

 1
1
0

 =

 −1
1
0

 .
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Example - Dual Basis - Part 2

Example - Dual Basis

K ′ has basis

e1 = 2i1 + 2i2 + i3, e2 = i1 + i2, e3 = i1 + 2i2 + 4i3.

Thus,

e2 × e3 =

 1
1
0

×

 1
2
4

 =

 4
−4
1


e3 × e1 =

 1
2
4

×

 2
2
1

 =

 −6
7
−2


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Example - Dual Basis - Part 3

Example - Dual Basis

Now, we �nd V :
V = e1 · (e2 × e3)

= e2 · (e3 × e1)

= e3 · (e1 × e2).

So, for instance, we can compute

e3 · (e1 × e2) =

1
2
4

 ·

−1
1
0

 = −1 + 2 + 0 = 1.
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Example - Dual Basis - Part 4

Example - Dual Basis

We have computed V = 1 and

e1×e1 = (−1, 1, 0)T , e2×e3 = (4,−1, 1)T , e3×e1 = (−6, 7,−2)T .

Thus, the dual basis vectors are

e1 =
1

V
(e2 × e3) =

 4
−4
1

 ,

e2 =
1

V
(e3 × e1) =

−6
7
−2

 ,

e3 =
1

V
(e1 × e2) =

−1
1
0

 .
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Covariant and contravariant

components of a vector



Expansions

Expansions

A vector A can be expanded

1. with respect to the vectors of a basis e1, e2, e3 via

A = A1e1 +A2e2 +A3e3 = Aiei

2. with respect to the vectors of the dual basis e1, e2, e3 via

A = A1e
1 +A2e

2 +A3e
3 = Aie

i.
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Contravariant component

Contravariant component

A vector A can be expanded

1. with respect to the vectors of a basis e1, e2, e3 via

A = A1e1 +A2e2 +A3e3 = Aiei

2. with respect to the vectors of the dual basis e1, e2, e3 via

A = A1e
1 +A2e

2 +A3e
3 = Aie

i

Ai are called the contravariant components of A
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Covariant component

Covariant component

A vector A can be expanded

1. with respect to the vectors of a basis e1, e2, e3 via

A = A1e1 +A2e2 +A3e3 = Aiei

2. with respect to the vectors of the dual basis e1, e2, e3 via

A = A1e
1 +A2e

2 +A3e
3 = Aie

i

Ai are called the covariant components of A
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Example

Example.

In the previous example, we were given a basis

e1 =
(

2
2
1

)
, e2 =

(
1
1
0

)
, e3 =

(
1
2
4

)
,

and we computed the dual basis

e1 =
(

4
−4
1

)
, e2 =

(−6
7
−2

)
, e3 =

(−1
1
0

)
,

Let us �nd the covariant and contravariant components of the
vector J joining the origin to the point (2,−1, 0).
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Example - Part 2

Example.

Covariant components of J = (2,−1, 0)T : Ji = J · ei.
We have basis

e1 =
(

2
2
1

)
, e2 =

(
1
1
0

)
, e3 =

(
1
2
4

)
,

Consequently

J1 = J · e1 =
(

2
−1
0

)
·
(

2
2
1

)
= 4− 2 + 0 = 2

J2 = J · e2 =
(

2
−1
0

)
·
(

1
1
0

)
= 2− 1 + 0 = 1,

J3 = J · e3 =
(

2
−1
0

)
·
(

1
2
4

)
= 2− 2 + 0 = 0.
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Example - Part 3

Example.

Contravariant components of J = (2,−1, 0)T : J i = J · ei.
We have dual basis

e1 =
(

4
−4
1

)
, e2 =

(−6
7
−2

)
, e3 =

(−1
1
0

)
,

Thus, we have

J1 = J · e1 =
(

2
−1
0

)
·
(

4
−4
1

)
= 8 + 4 + 0 = 12,

J2 = J · e2 =
(

2
−1
0

)
·
(−6

7
−2

)
= −12− 7 + 0 = −19,

J3 = J · e3 =
(

2
−1
0

)
·
(−1

1
0

)
= −2− 1 + 0 = −3.
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Example - Part 4

Example.

We can even check whether our solution is correct!

We found that J = (2,−1, 0)T has

Covariant components J1 = 2, J2 = 1, J3 = 0.

Contravariant components J1 = 9, J2 = −19, J3 = −3.

This means that

J = 2e1 + 1e2 + 0e3 = 12e1−19e2−3e3.
In fact,

2e1 + e2 = 2
(

4
−4
1

)
+
(−6

7
−2

)
=

(
2
−1
0

)
= J.

12e1 − 19e2 − 3e3 = 12
(

2
2
1

)
− 19

(
1
1
0

)
− 3

(
1
2
4

)
=

(
24
24
12

)
+
(−19

−19
0

)
+
( −3

−6
−12

)
=

(
2
−1
0

)
= J.
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Different coordinate systems

Di�erent coordinate systems

Let e1, e2, e3 and e′1, e
′
2, e

′
3 be bases of two coordinate systems.

A vector A can be written in terms of both coordinate systems:

A = A1e1 +A2e2 +A3e3 = Aiei,

A = A1e
1 +A2e

2 +A3e
3 = Aie

i.

A = A′1e′1 +A′2e′2 +A′3e′3 = A′ie′i,

A = A′
1e

′1 +A′
2e

′2 +A′
3e

′3 = A′
ie

′i.

We have nice formulae to �nd components in one coordinate
system in terms of the other.
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The transformation rule

Transformation matrix

The transformation matrix from the coordinate system with
basis e1, e2, e3 to the one with basis e′1, e

′
2, , e

′
3 is the matrix

L = [Lk
i′ ] with components

Lk
i′ = e′i · ek.

The transformation rule

The transformation rule for the covariant components is

A′
i = Lj

i′Aj .

The transformation rule for the contravariant components is

A′i = Li′
j A

j .
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Covariant to contravariant components

Covariant to contravariant components

To express the covariant components Ai of a vector A in terms of
is contravariant components Ai (and vice versa) we use

Ai = gikA
k,

Ai = gikAk,

where

gik = gki = ei · ek,
gik = gki = ei · ek.
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Covariant and contravariant

components of a second rank

tensor



Second-rank tensors - covariant and con-

travariant components

Second-rank tensors - covariant and contravariant components

covariant Aik,

contravariant Aik,

mixed A.k
i , A

i
.k.
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Second-rank tensors - transformations

Second-rank tensors - transformations

The components are transformed via:

A′
ik = Lℓ

i′L
m
k′Aℓm,

A′ik = Li′
ℓ L

k′
mAℓm,

A′·k
i = Lℓ

i′L
k′
mA·m

ℓ ,

A′i
·k = Li′

ℓ L
m
k′A

ℓ
·m,

where Lk
i′ and Lk′

i (i, k = 1, 2, 3) are the coe�cients of the direct
and the inverse transformations.
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Example

Example

Consider again the coordinate systems K and K ′ with bases i1, i2,
i3 and

e1 = 2i1 + 2i2 + i3, e2 = i1 + i2, e3 = i1 + 2i2 + 4i3.

Consider the second-order tensor of K with components

[Aik] = [Aik] = [A·k
i ] = [Ai

·k] =

 1 0 1
−1 0 0
0 1 0

 .

Express the covariant components of the given tensor in the
coordinate system K ′.
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Example - Part 2

Example

Let A = [Aik] and L = [Lk
i′ ]. Notice that

Lℓ
i′L

m
k′Aℓm = Lℓ

i′AℓmLm
k′

= Lℓ
i′AℓmLm

k′

= (LA)imLm
k′

= (LA)im(LT )k
′

m

= (LALT )ik.

Write A′ = [Aik]. Using the formula A′
ik = Lℓ

i′L
m
k′Aℓm, we see that

A′ = LALT .
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Example - Part 3

Example

We then need to compute the transoformation matrix L.

L is the matrix satisfying(
e1
e2
e3

)
= L

(
i1
i2
i3

)
.

Since
e1 = 2i1 + 2i2 + i3,

e2 = i1 + i2,

e3 = i1 + 2i2 + 4i3,
we see that

L =

2 2 1
1 1 0
1 2 4

 .
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Example - Part 3

Example

Thus
A′ = [Aik] = LALT

=

2 2 1
1 1 0
1 2 4

 ·

 1 0 1
−1 0 0
0 1 0

 ·

2 2 1
1 1 0
1 2 4

T

=

 0 1 2
0 0 1
−2 4 1

 ·

2 1 1
2 1 2
1 0 4


=

4 1 11
1 0 4
5 2 14

 .
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Example - Contravariant and mixed

components

Example

Compute the covariant and mixed components of

[Aik] = [Aik] = [A·k
i ] = [Ai

·k] =

 1 2 3
1 0 −1
−1 1 0

 .

in the coordinate system K ′.

To �nd A′ik, A′.k
i and A′i

.k, we use the formulae

A′ik = giℓgkmA′
ℓm,

A′.k
i = gkℓA′

iℓ,

A′i
.k = giℓA′

ℓk,
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Example - Contravariant and mixed compo-

nents - Part 2

Example

Using the formula
A′ik = giℓgkmA′

ℓm,

we get
A′ikgiℓgkmA′

ℓm = giℓA′
ℓmgkm

= (GA′)imgkm

= (GA′)imGT
mk

= (GA′GT )ik

= (GA′G)ik.
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Example - Contravariant and mixed compo-

nents - Part 3

Example

We know

e1 = (4,−4, 1)T , e2 = (−6, 7,−2)T , e3 = (−1, 1, 0)T .

Thus
G = [gik] = [ei · ek]

=

e1 · e1 e1 · e2 e1 · e3
e2 · e1 e2 · e2 e2 · e3
e3 · e1 e3 · e2 e3 · e3


=

 22 −54 −8
−54 89 13
−8 13 2


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Example - Contravariant and mixed compo-

nents - Part 4

Example

Thus,

[A′ik] = GA′GT

=

 22 −54 −8
−54 89 13
−8 13 2

 ·

4 1 11
1 0 4
5 2 14

 ·

 22 −54 −8
−54 89 13
−8 13 2


=

 38 17 35
−62 −28 −56
−9 −4 −8

 ·

 22 −54 −8
−54 89 13
−8 13 2


=

 56 −84 −13
−86 128 20
−17 26 4

 .
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Example - Contravariant and mixed compo-

nents - Part 5

Example

To �nd the mixed components A′·k
i and A′i

·k, we use the formulas

A′·k
i = gkℓA′

iℓ,

A′i
·k = giℓA′

ℓk.

We see that

A′·k
i = gkℓA′

iℓ = A′
iℓ(G

T )ℓk = (A′GT )ik,

A′i
·k = giℓA′

ℓk = (GA′)ik.
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Example - Contravariant and mixed compo-

nents - Part 6

Example

Using
A′·k

i = (A′GT )ik = (A′G)ik,

one gets

[A′·k
i ] = A′G =

4 1 11
1 0 4
5 2 14

 ·

 22 −54 −8
−54 89 13
−8 13 2

T

=

−10 16 3
1 −2 0

−55 90 14

 .
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Example - Contravariant and mixed compo-

nents - Part 6

Example

Using
A′i

·k = (GA′)ik,

one gets

[A′i
·k] = (GA′)ik =

 22 −54 −8
−54 89 13
−8 13 2

 ·

4 1 11
1 0 4
5 2 14


=

 38 17 35
−62 −28 −56
−9 −4 −8

 .
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Tensors in generalised coor-

dinate systems



The transformation rule for a vector in

generalised coordinate system

The transformation rule

The transformation rule for the covariant components is

A′
i = Lj

i′Aj .

where Lj
i′ = e′i · ej ,

The transformation rule for the contravariant components is

A′i = Li′
j A

j

where
Li′
j = ej · e′i.
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Higher-rank tensors - transformations

Higher-rank tensors - transformations

The components of a higher-rank tensor transform similarly to the
rank-one case.

However, each index will transform individually.

For instance,

A′ · · kℓ ·
ij · · m = L L L L L︸ ︷︷ ︸

One transformation matrix for each index

A
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Higher-rank tensors - transformations

Higher-rank tensors - transformations

The components of a higher-rank tensor transform similarly to the
rank-one case.

However, each index will transform individually.

For instance,

A′ · · kℓ ·
ij · · m = Li′ Lj′ L

k′ Lℓ′ Lm︸ ︷︷ ︸
Original indices at the same position

A
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Higher-rank tensors - transformations

Higher-rank tensors - transformations

The components of a higher-rank tensor transform similarly to the
rank-one case.

However, each index will transform individually.

For instance,

A′ · · kℓ ·
ij · · m = La

i′ L
b
j′ L

k′
c Lℓ′

d Le
m′︸ ︷︷ ︸

New indices in the remaining positions

A
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Higher-rank tensors - transformations

Higher-rank tensors - transformations

The components of a higher-rank tensor transform similarly to the
rank-one case.

However, each index will transform individually.

For instance,

A′ · · kℓ ·
ij · · m = La

i′ L
b
j′ L

k′
c Lℓ′

d Le
m′ A · · cd ·

ab · · e︸ ︷︷ ︸
New indices in the original position
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Second-rank tensors - relations between

components

Second-rank tensors - relations between components

The relations between the various components of a tensor are:

Aik = giℓgkmAℓm = gkℓA
·ℓ
i = giℓA

ℓ
·k,

Aik = giℓgkmAℓm = giℓA.k
ℓ = gkℓAi

.ℓ,

A.k
i = gkℓAiℓ = giℓA

ℓk,

Ai
.k = giℓAℓk = gkℓA

iℓ.
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Symmetries



Definition: Symmetric and antisymmetric

tensors- Cartesian coordinates

De�nition.

In Cartesian coordinates, a second-rank tensor Tij is
symmetric if Tij = Tji.

De�nition.

In Cartesian coordinates, a second-rank tensor Tij is
antisymmetric if Tij = −Tji.

Example.

We know that the Kronecker delta is symmetric:

δij = δji.
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Definition: Symmetric and antisymmetric

tensors in Cartesian Coordinates

De�nition.

In a Cartesian (or orthogonal) coordinate system

A tensor of rank greater than two can be symmetric or
antisymmetric with respect to any pair of indices.

We can have for instance that
▶ Aijkℓ is symmetric with respect to j and k, and

▶ Bijkℓ is antisymmetric with respect to i and ℓ.

Some tensors might be symmetric/antisymmetric with respect
to all indices.

▶ For instance, the alternating tensor ϵijk is antisymmetric with

respect to any pair of its indices.
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Definition: Symmetric and antisymmetric

tensors in generalised coordinate system

De�nition.

In a generalised coordinate system symmetry and antisymmetry
apply only to pairs of indices in the same positions:

A··ℓ
ik is symmetric in i and k if

A··ℓ
ik = A··ℓ

ki .

Bik
··ℓ is anti-symmetric in i and k if

Bik
··ℓ = −Bki

··ℓ.
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Mock Exam

Mock Exam

In the second lecture next week, I will solve the Mock Exam.

Make sure to solve beforehand, otherwise it will not be as
e�ective as preparation for the exam!
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Next Lecture

Next time...

Revision

Tensor algebra,

Arc length and the metric tensor,

Christo�el symbols & Ricci's Theorem,

Riemann-Christo�el tensor,
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