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Today: Chapter 3-Local Coordinate Transform

&g B9 =

Preliminaries,

Dual bases,

Covariant and contravariant components of a vector,
The transformation rule,

The relationship between covartiant and contravariant
components, and

Arc length and the metric tensor.




REMINDER




COORDINATE SYSTEMS

Definition of Coordinate Systems

Coordinate systems are defined by a set of basis vectors.

Definitions

m A coordinate system is orthogonal if its basis vectors
intersect at 90° angles, i.e.,

v;-vj =0, fori#j.

m A coordinate system is orthonormal if it is orthogonal and
its basis vectors have magnitude 1, i.e.,

> v;-v; =0, for i # j, and

> |vi| = Vi vi=1.



CARTESIAN AND GENERALISED COORDINATE
SYSTEMS

Cartesian coordinate system

The Cartesian coordinate system is an example of
orthonormal coordinate system.

i=(1,0,0), j=1(0,1,0), k=(0,0,1)

Definition
Generalised coordinate systems do not necessarily have
orthogonal coordinate curves.




TRANSFORMATIONS IN 3D

Transformations in 3D

Let e1, e, and es be basis vectors. Consider the position vector
r =1x1€1 + x2€2 + T3e3 = €;T;.
Rotating the basis vectors, we obtain new basis vectors e}, and
T, =€;-T=e¢; ez; =Lz,
Where L;; is the transformation matrix.
m L is orthogonal i.e. LTL =1 = LLT. In particular,

L;jLy;j = 0ik = LjiLjp.

m We have shown that
oz 0x;
wl = Lij and ﬂ

- ; — Yy
Oz 9z




VECTORS AND SCALARS

Formal Definition of vector

A quantity v is a vector if its components transform according to
/
v; = Lijv;

under a rotation of the coordinate axes.

Formal Definition of scalar

A quantity s is a scalar if it is unchanged by a transformation.
That is, if




DUAL BASIS




DUAL BASES

Definition.

2

Two bases eq, e, e3 and e!, e? | 3 are dual if they satisfy

0 ifik
ok ;
cie {1 if § = k.

In other words, two bases are dual if each vector of one basis is
perpendicular to two vectors of the other basis.



CONSTRUCTING DUAL BASES

Constructing dual bas

Given a basis e, es, e3, we are going to prove that there exists a

dual basis e!, €2, 3.

This will be a constructive proof, meaning we are going to
construct this dual basis.

m First, e! must be perpendicular to the vectors e; and es. Thus,

el =m(ey x e3).

m Now, we need e -e! = 1, so that

m(e; - (e2 X e3)) = 1.

That is




CONSTRUCTING DUAL BASES - PART 2

Constructing dual bases

So far, we have

m el =m(ey x e3), and

|
1 1
m=—————=—: —.
el-(egxeg) Vv

Here, |V| denotes the volume of the parallelepiped spanned by
the basis e, e, e3.

We conclude that

1_ €y X €3 :egxeg
el-(egxeg) \%




CONSTRUCTING DUAL BASES - PART 3

Constructing dual bases

Similarly, we find e? and e3. The dual basis is given by

1 €y X e3 2 e3 X e] 3 €] X €
e - - ec———  — ee—— —  — .
el - (62 X 63) €eg - (e3 X el) es - (e1 X 62)

We obtain the formula
3 e; X e € X €L

e —= ==
e; - (e x eg) |72

where (i, j, k) is a cyclic permutation of (1,2, 3).




STARTING FROM THE DUAL BASIS

Starting from the dual basis

In the same way, we can show

e? x 3 e’ x el el x e?
e = — 5 €= 52— e3 =
el-(e?xe?) e (e xel)’ el (el x e?)
Thus, we get the formula
e/ x eF el x eF
e =—— =
' oel- (el x ek) Ve

where (i, j, k) is a cyclic permutation of (1,2,3), and

|V’'| denotes the volume of the parallelepiped spanned by the

basis e!, e?, e3.



EXAMPLE

Given the basis

e =2i; +1i3, e9 =11 + 3ip, e3 = 4ig,

1 .2 .3

where i1, 19,13 is an orthonormal basis, find the dual basis e*, e, e°.

Solution
We have

e =2i; +1i3, e9 =11 + 3ip, e3 = 4i3.

For simplicity, we write

2 1 0
€1 = 0 ) € = 3 P €3 = 0
1 0 4



EXAMPLE - SOLUTION PART 2

Solution — Part 2
Recall that the dual basis is given by the formula

e; X e
€e; (ej X ek)'

Thus, we need the cross products e; X es, ey X e3 and e3 X ej.

2 1 -3
€] X ey = 0 X 3 = 1

1 0 6

1 0 12
€y X ez = 3 X 0 = —4

0 4 0

0 2 0
ez X ey = 0 X 0 = 8 .

4 1 0




EXAMPLE - SOLUTION PART 3

Solution — Part 3
Again, ej X e

e (e xeg)

e =

We already computed the cross products, so we still need to
find V. We have

V=e1-(e2><e3)=e2-(e3><e1)=e3-(e1 Xeg).
Let us pick one and compute. We know

e; = 2i; +i3 and ey x e3 = 12i; — 4is.

Thus




EXAMPLE - SOLUTION PART 4

Solution — Part 4

Now we can construct the dual basis

e

e

2:—
eg-(egxel)

3:—
e3-(e1><e2)

€9 X €3

o el (eg X 83)

e3 X e]

€e; X e

1

T

1

T

1

T

1/2
~1/6

1/3

~1/8
1/24
1/4



PRACTICAL QUESTION

Your turn!

Let iy, is, i3 be the standard orthonormal basis of R3. Consider the
following basis

e =iy +2ip +4i3, ey =19, e3 =i+ 2iy + bis.

Find the dual basis e!, e?, 3.




DUAL BASIS OF AN ORTHONORMAL BASIS

Example: The dual basis of an orthonormal basis

Let e =11, eg =1y, e3 = i3 be an orthornormal basis.

Then its dual basis is itself an orthonormal basis, consisting of the
same vectors:
1 €g X €3 i2 X i3 i1 i1

e —= = = :—:i
€] '(62 ><e3) i1 (i2 X i3) i1 -il 1 b

and similarly

62 = i2, e = i3.




SUMMARY: DUAL BASIS

Summary: Dual Basis

The dual basis e’ can be found from the original basis e; via

e; X e
€e; (ej X ek)’

and the original basis e; can be found from the dual basis e via

e x e

¢ = el (el x ek)’

where (i, j, k) is a cyclic permutation of (1,2, 3).




COVARIANT AND CONTRAVARIANT
COMPONENTS OF A VECTOR




VECTOR EXPANSION

Vector expansion

Let e; ,eq, e3 be any basis of R3. Then, by definition of basis, any
vector v = (v1, va,v3) can be expressed as a linear combination of
€1, €3, €3.

The vector v = (1,0,1) can be expressed as

"
v=1i4+0-j+1-k

in the basis i = (1,0,0), j = (0,1,0), k = (0,0, 1).

v=1l-ei—1-e2+1-e3
in the basis e; = (1,0,0), e2 = (1,1,0), e3 = (1,1, 1).




EXPANDING VECTORS

Expanding vectors

Again, given any basis e1, es, €3, can express any vector A in
terms of this basis:

A = Aley + A?ey + A’e,
where A!, A%, A3 are scalars (in our context, real numbers).
The scalars A!, A%, A3 are known as the expansion coefficients.

In the following slides, we will learn how to determine the exact
values of A, A%, A3. We will explore the following scenarios:

m The basis is orthonormal.
m The basis is orthogonal.

m The basis is generalised.




VECTORS IN TERMS OF ORTHONORMAL BASES

Vectors in terms of orthonormal bases

Let iy ,ip, i3 be an orthonormal basis.

Let the expansion of A be given by
A = Aliy + A% + A% = ANy,

We can determine the precise value of A!, A%, A3 as follows: since
iy ,ip, i3 are orthonormal, we have iy, -i; = d3;. Thus,

A-ij = (AFi) -ij = AR(iy - i) = AF6y; = A7
Consequently,




VECTORS IN TERMS OF ORTHOGONAL BASES

Vectors in terms of orthogonal bases

Previous slide: If i; .is, i3 is an orthonormal basis, any
vector A can be described by:

Let e1, e, e3 be an orthogonal basis.

Although e1, ez, e3 might not be orthonormal, the following vectors
are

. €1 q €2 9 e3 .
hh=—, Ib=—, i3=— (e =|elfori=1,2,3)
€1 €2 e3

Then, by substitution

A-e1 A~82 - €3
A = 3 e + 5 ey + 5 €3.
it € €3




VECTORS IN GENERALISED COORDINATE SYSTEMS

Vectors in generalised coordinate systems

To expand a vector in terms of a basis that is not orthogonal, we
use the so-called dual basis method.

Recall: Dual basis

2

Two bases eq, eo, e3 and e!, e? | e are dual if they satisfy

[0 ifi#k
cie _{1 if i = k.

In other words, two bases are dual if each vector of one basis is
perpendicular to two vectors of the other basis.




EXPANSION COEFFICIENTS

Expansion coefficients in generalised coordinate systems

2

Let e1, €3, e3 and e', €2 | €3 be dual bases.

By definition of basis, any vector A can be expanded with respect
to each of these bases:

1. Expansion with respect to the basis e, ez, e3
A = Ale; + A%ey + Ades = Ale;.

1 o2 o3
7e7e

2. Expansion with respect to the dual basis e
A= Alel aF A262 aF A3€3 = Alez

The A and A; are the expansion coefficients of A.



CONTRAVARIANT COMPONENT

Contravariant component
2

Let e1, €3, e3 and e', €2 | €3 be dual bases.

By definition of basis, any vector A can be expanded with respect
to each of these bases:

1. Expansion with respect to the basis e, ez, e3
A = Ale; + A%ey + A’es = Ale;.

1 a2 o3
7e7e

2. Expansion with respect to the dual basis e
A= Alel aF A262 aF A3€3 = Ale’

The A’ are called the contravariant components of A.




COVARIANT COMPONENT

Covariant component

2

Let e1, €3, e3 and e', €2 | €3 be dual bases.

By definition of basis, any vector A can be expanded with respect
to each of these bases:

1. Expansion with respect to the basis e, ez, e3
A = Ale; + A%ey + Ales = Ale;.

1 a2 o3
7e7e

2. Expansion with respect to the dual basis e
A= Alel aF A262 aF A3€3 = Ale’

The A; are called the covariant components of A.




FINDING THE CONTRAVARIANT AND COVARIANT
COEFFICIENTS

Finding the contravariant and covariant coefficients

We will demonstrate:

m how to compute the contravariant components A', A%, A3
in terms of the dual basis, and

m how to compute the covariant components A;, Ay, Az in
terms of the original basis.




FINDING CONTRAVARIANT COMPONENTS

Finding contravariant components

We want to find a formula for the contravariant components
Al A% A3 of a vector A.

In other words, we need to find the coefficients A', A%, A% in the

expansion
A = Alel =+ A2€2 == Ageg.

Using the identity

we obtain for each ¢ =1,2,3

3 3 3
Al = (ZAkek> el = AF (e ) =) ANy = A
k=1 k=1

k=1

27




FINDING COVARIANT COMPONENTS

Finding covariant components

We want to find a formula for the covariant components
Aq, Ag, Ag of a vector A.

In other words, we need to find the coefficients Ay, Ay, Ag in the

expansion
A = Alel =+ A262 == A3e3.

Using the identity

k)0 ifiFk
e -e = = Ok,
1 ifi=k
we obtain for each ¢ =1,2,3
3 3 3
A-ei: <2Akek) -ei:ZAk <ek-ei) :ZAk(Szk:Az
k=1 k=1 k=1




SUMMARY: COVARIANT AND CONTRAVARIANT
COMPONENTS

Summary: Covariant and contravariant components

Using dual bases, we have found that a vector A can be expanded

m with respect to the vectors of one basis e, e, e3 via
A= Alel 4 A2€2 a4 A3e3 = Aiei.

m with respect to the vectors of the dual basis e!, €2, e via

A = Aje! + Are? + Age® = A€,
where

m A’ = A - € are called the contravariant components of A,
and

m A; = A - e; are called the covariant components of A.
29



EXAMPLE

In the previous example, we have found that basis
e =2i; +1i3, eg =11 + 3ip, e3 = 4ig,

has dual basis

1/2 0 -1/8
el=| -1/6 |, ee=[1/3], e&=[ 1/24
0 0 1/4

Find the covariant and contravariant components of the vector
joining the origin to the point (8,0, 1).



EXAMPLE - PART 2

Example: Covariant components

Finding the covariant components of J = (8,0,1)7: The basis is
e1=(2,0,1)T, ey =(1,3,00T, e3=1(0,0,4)T.
The covariant components .J1, .JJ2, J3 are such that
J=Jie! + e’ + Jze*  with J; =T e

Thus, we have

8 2 8 1
J1=J-61=(0)-<0> 220, J2=J~82=<0>'<3>=8,
4 1 4 0
8 0
J= 3 es- (0).<0>.:16.
4 4



EXAMPLE - PART 3

Example: Contravariant components

Finding the contravariant components of J = (8,0, 4)7"
e' =(1/2,-1/6,0)", € =(0,1/3,0)", &*=(-1/8,1/24,1/4)"
The contravariant components J', J2, J3 are such that

J=J; + J%es+ J3e35 with J' =J-¢€'.

Thus, we have

8 : 8
le,].el:(o).(_%) =4, JQZJ.e2:(o).<
4 0 4




PRACTICAL QUESTION

Your turn!

In the previous exercise, we have found that the basis

e = i1 + 2ip +4i3, ey =iy, eg=3i; + 2iy + bis,

has dual basis

5 —2 —4
el=10 , e2=11 , =10
—1 0 1

Find the covariant and contravariant components of the vector
joining the origin to the point (1,1,1).




NEXT LECTURE

m Chapter 3: Local Coordinate Transform.

» The transformation rule,

» The relationship between covariant and contravariant
components.




FINAL ANSWER OF THE TASK

Answer
Check if you got it right!

The covariant components of J = (1,1,1)7 are

h=T Jo=1  J5=8.

The contravariant components of J = (1,1,1)7 are

J' =4, J? = —1, J3 = -3



	Chapter 3: Local Coordinate Transform
	Reminder
	Dual Basis
	Covariant and contravariant components of a vector
	Appendix

