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Today: Chapter 3-Local Coordinate Transform

&g B9 =

Preliminaries,

Dual bases,

Covariant and contravariant components of a vector,
The transformation rule,

The relationship between covariant and contravariant
components, and

Arc length and the metric tensor.
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THE TRANSFORMATION RULE




RECALL: COVARIANT AND CONTRAVARIANT
COMPONENTS

Covariant and contravariant components

Using dual bases, we have found that a vector A can be expanded

m with respect to the vectors of one basis e, e, e3 via
A= Alel 4 A2€2 a4 A3e3 = Aiei.

m with respect to the vectors of the dual basis e!, €2, e via

A = Aje! + Are? + Age® = A€l
Recall that
m A’ = A - € are called the contravariant components of A,
and
m A, = A - e; are called the covariant components of A.
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DIFFERENT COORDINATE SYSTEMS

Coordinate systems

Let e1, ez, e3 and €], €}, €5 be bases of two coordinate systems.

m In the system defined by eq, es, €3, let A have covariant
components A; and contravariant components Ai, that is

A= Aiei = A,e’

m In the system defined by €/, €5, €5, let A have covariant
components A} and contravariant components A", that is

A = Alle; = Ale'.

How do we transform the components from one coordinate system
to another?
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TRANSFORMING BETWEEN COORDINATE SYSTEMS
- COEFFICIENTS OF EXPANSIONS

Coeflicients of expansions

First, let Lil,, L?,, Li3, be the coefficients of the expansion of €] with
respect to the vectors e, e, e3, that is

e& = L%/el == L%IQQ 4F L?/eg
e/2 = L%/el + L%/GQ —+ L%/eg

/ 1 2
ey = Lye; + L3ex+ L3es

or more concisely
A
e, = Lje;.
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TRANSFORMING BETWEEN COORDINATE SYSTEMS
- COEFFICIENTS OF EXPANSIONS - PART 2

Coefficients of expansions

Let us find an expression for Lg,. Here, we are working in vector
notation. Sin3ce

e = ZLf,ek and ey -el =, (dual basis)

k=1
we see that

3 3 3
e el = (ZL?ek) el = ZLf, (er-€’) = ZL@% = /L7
k=1 k=1 k=1

Similarly, we can find the inverse transformation

ol

y
Ll =e;-€Y.
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TRANSFORMATION RULE FOR THE COVARIANT
COMPONENTS

Transformation rule for the covariant components

If we start with an expansion A = Ajej, and take the dot product
with €], we get

A e = (4;¢) €]
= A;(e'i - &)
= Ly A, (Lj =€ -€)
In other words, the covariant component A is given by
A= A& =LA
This is the transformation rule for the covariant components.
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TRANSFORMATION RULE FOR THE CONTRAVARI-
ANT COMPONENTS

Transformation rule for the contravariant components

Similarly, if we start with an expansion A = A7 ej, and take the
dot product with €%, we get
A€l = (Aje;) €
= Al(et- e})
= .[/:;/‘(4‘7 (L;/ = ei 0 elj)

In other words, the contravariant component A’ is given by
A=A =LA
AL

This is the transformation rule for the contravariant
components.
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THE TRANSFORMATION RULE

The transformation rule

The transformation rule for the covariant components is

Al =L 4;.

The transformation rule for the contravariant components is

AP=LV A

Verify the inverse formulas

A=LI A, A'=LiAY.
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EXAMPLE

Example
Let K be a coordinate system with orthonormal basis iy, io, i3.

Let K’ be a new coordinate system with basis vectors
Yy
/e / 2- /e .
e =1y, €y = 212, ez =11 + 13.

Let us find the expansion coefficients Lzl,, LZ%, Lf’, for each 1 = 1,2, 3.

We have L", =€/, - i, thus

m
L%,:e'l-ilzil-ilzl,

L%,:eé-i1:2i2-i1:0.



EXAMPLE - PART 2

Example

Let K be a coordinate system with orthonormal basis iy, io, i3.

Let K’ be a new coordinate system with basis vectors
Yy
/e /! 2- /e .
e =1y, €y = 212, ez =11 + 13.

Let us find the expansion coefficients Lzl,, LZ%, Lf’, for each 1 = 1,2, 3.

n __ / *
We have L7, = e, - i, thus

Ly =1, Bh=0 L=
Ly =0, fAop=% lp=0
Lzly = 1, L%/ = 0, L3/ = ].



EXAMPLE - PART 3

Example
Let K be a coordinate system with orthonormal basis iy, io, i3.

Let K’ be a new coordinate system with basis vectors
/ . / . / . .
e; = 1j, ey = 2io, e3 =11 +13.
Consider the vector B over K with components

B=(1,1,0)T.

Compute the covariant components B; of B in the coordinate
system K'.




EXAMPLE - PART 4

Example

The transformation rule gives B} = Lg,Bj. We have shown
Ly =1, Bh=0 LH=10
Ly =0, =% JIyp=0
L};/ = 1, L%/ = 0, L3/ = ].
Thus, because B = (1,1,0)7 we get
BN E B S B RSN G R R
By=1I)Bj=LyB1 + LBy + L3B3 =0+2+0=2,
TEU = B 23 = b B Tz s =L =L
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EXAMPLE - PART 5

We can also find the coordinates of B’ using matrices. We have

1 0 0 1
L=10 2 0 B=|1
1 01 0

The transformation rule gives B) = Lg,Bj. Thus,

10 0\ /1 1
B =L-B=[020]|[1]=[2
10 1) \o 1




THE RELATIONSHIP BETWEEN CO-

VARIANT AND CONTRAVARIANT
COMPONENTS




COVARIANT TO CONTRAVARIANT COMPONENTS -
DOT PRODUCT

Recall: Expansions

Recall we have the following two expansions:
A= Alel aF A2€2 aF A383 = Akek
A= Alel aF A262 aF A3€3 = Akek

How can we express the covariant components in terms of the
contravariant components?

First, take the scalar product with e; and €’, respectively:
A -e; = AF(e; - ep),
A e = Ap(el-e).



COVARIANT TO CONTRAVARIANT COMPONENTS -
NEW NOTATION

New notation

We have two expressions:

A - e, = Ak(ez 0 ek),
A el = A(el-eb).
To simplify notation, we write
€ ' €k = Gik = ki,

i ok ik ki
& =g =9

0 ifi#k
e -ef =gk = ifi # (Dual bases)
1 ifi=k.
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COVARIANT TO CONTRAVARIANT COMPONENTS -
FORMULA

Covariant to contravariant components

Thus, we can rewrite the expressions
A-e;=AFe;-e;) and A.el = A(el-eh).
using this new notation:
A-e;=Abg, and A€ = Ayg*.
Recall that A; = A - e; and A” = A - e'. Thus, we conclude

A= gikAk7
Al = gk Ay
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SUMMARY: COVARIANT TO CONTRAVARIANT
COMPONENTS

Summary: Covariant to contravariant components

We can express the covariant components A; of a vector A in
terms of is contravariant components A* (and vice versa) using the
formulas
k
Ai = g A",
. 7
A= gz Aka

where

9ik = ki = €; * €,

i ek,

g = gh — ¢
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EXAMPLE 1 - g;;

Example 1

Express the scalar product of two vectors A - B in terms of their
covariant and contravariant components.

Using different combinations of the formulae A = A’e; = A;e’ and
B = B¢, = Bje*, we see that
A-B-= Aiei . Bkek = Aiei . Bkek = Aiei . Bkek = Aiei : Bkek,

contravariant covariant mix mix

Hence,

A -B= A'e; - B*e, = e; - e, A'B* = gikAin,
= A;e' - Bre¥ = e’ - e A4;B;, = gikAin.
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EXAMPLE 1 - g;; - PART 2

Example 1

We have shown .
A B = gA'B",

= g 4, By.

Now, since ‘ '
gnB*=B; and ¢"*By =B,

we obtain

A B =g A'B* = A'B;,
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EXAMPLE 2

Example 2

Express the cosine of the angle between two vectors in terms of
their covariant and contravariant components.

Recall that cos(A,B) = ﬁ. (Practical 1)

We have just found A - B = A’B; = A;B*. Then, we have:

|A|=VA-A=+AA, |B|=vB-B=+BB.
We conclude
A;B? A'B;

A B) = 3 = , -,
COS( ) \/AZA’ \/BZ'BZ \/AZAZ \/BiB’




EXAMPLE 3

Example 3
Express the vector product A x B of two vectors in terms of their

covariant and contravariant components.

(That is, for C = A x B = C;e’ what are the coefficients C;?)

Using A = Ale; and B = BPey,, we obtain in vector notation

23: X (; Bkek)

J:

A xB

AT BF(e; x ey)




EXAMPLE 3 - PART 2

Example 3

Continuing

3
A xB= Z ATB"(e; x ey,)
7,k=1
= Ale(el X eg) 4F AlBg(el X 93) 4F A233(62 X e3)
— A331(81 X 83) — A3B2(e2 X e3) — A2B1(e1 X 82)

= (AIB2 = AQBI)(el X 82) aF (A133 = A3Bl)(e1 X 83)
I (A2B3 = A332)(62 X 93)

= Z(A]Bk = AkBj)(ej X ek).

i<j




EXAMPLE 3 - PART 3

Example 3

We have so far _ ‘
AxB=) (AB"— A*BI)(e; x e).
i<j

By definition, V' = e; - (e; x e,) is such that

¢ %

thus e; x e, = Ve,

whenever (i, 7, k) is a cyclic permutation of (1,2,3). As a
consequence

C=AxB= (AIB2 = A2Bl)(el X eg) aF (AIB3 = AgBl)(el X eg)
aF (A233 = A3B2)(82 X 63)
= (A'B" — AFB/)Ve' = Cie'.




EXAMPLE 3 - PART 4

Consequently
C=AxB=(A'B?> - A’B')(e; x e3) + (A'B? — A3B')(e; x e3)
aF (A233 = A332)(82 X 83)

= (A'B? - A?BY)(Ve?®) + (A'B? — A’BY)(—Vey)
+ (A%2B3 — A3B?)(Vey)

= (A’B® - A’B*)Ve; + (A°B' — A'B*)Ve,
+ (A'B? — A?2BYYVed.




EXAMPLE 3 - PART 5

Example 3

Finally, notice that
C=AxB=(A2B3 - A3B*)Ve, + (A*B! — A'B)Ve,
+ (A'B% - A?2BY)YVé?

= Y (A/B" - AFpi)ve,
(i.j:k)

where the sum ranges over all cyclic permutations of (1,2, 3).
Comparing this formula with C = C;e’, we see that
C; = (ATB* — AFBY),

where (i, j, k) is a cyclic permutation of (1,2, 3).




PRACTICAL QUESTION

Your turn!

Express the scalar triple product
(AxB)-C

in terms of the contravariant components of the vectors A, B
and C, with respect to dual bases. That is

A:Aiei, B:Biei, C:CZGZ

You may use the result from the previous example:
D=AxB=Dje =) (AB"- A*B))Ve
i

where

V:e,w(ejxek)




NEXT LECTURE

m Chapter 3: Local Coordinate Transform.

» Arc length and the metric tensor
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