Tensor Analysis — Practical 11

Solutions

Information:

e These exercises are design to revise the whole module.
e The exercises are not organised by difficulty.

11.1 Write the vector equation
u+(a-b)v=la*b-v)a

in suffix notation.

Solution:

Step 1 (Free index): We start by adding free indices. We see that this quantity is a
vector, so

(u+(a-b)v); =u; + (a-b)v;.
Step 2 (Dummy indices): Now, we add the dummy indices:

(u+ (a-b)v); = u; + apbiv;.

We will now write the RHS in suffix notation.

Step 1 (Free index): We start by adding free indices. We see that this quantity is a
vector, so

(la*(b-v)a); = [a]*(b- v)a;.
Step 2 (Dummy indices): Now, we add the dummy indices:

(laf*(b-v)a); = |a]*byupa;.
Now, we also know that |a| = \/a - a, thus

la]? =a-a=a,a,.

It follows that

(‘a‘Q(b : V)a)i = Ananbruka;.

Consequently, the given expression can be written in suffix notation as

u; + apbrv; = ana,brvka;.
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11.2 Let f be a scalar field. Using suffix notation, evaluate the following expression

v x (V).

Solution: First, recall that the gradient of a scalar field f is defined by

0
(V= 89@{;
Thus,
0
(V> (V)i = €ijiV <aai>
_ .9 (9f
N 6”]“8%» 8xk
_ P
N 6Uk8xj8xk
_ P
N Eljkaxkaxj
O f L
= Gikjm ( swapping j <> k)
_ . P
= T Cigk 6x]8xk
In particular,
82 2
eijkif = _eijkia / )
axjaiﬂk 8$]8Ik

2
thus ﬁijk% = 0. Thus, we conclude:

(V x (V)i =0

11.3 Write the transformation law for the following tensors.

(1) A rank 5 tensor in Cartesian coordinates.
(2) A rank 5 contravariant tensor in generalised coordinates.

(3) The rank 5 mixed tensor T.kilb;lp. in generalised coordinated.

Solution: (1) The transformation rule for a rank 5 tensor R;jxsy in Cartesian coordinates
is
= LiaijchLEdLmeRabcde-

/
ijkfm
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(2) The transformation rule for a contravariant rank 5 tensor S¥*™ in generalised coor-
dinates is
rijktm _ 1i' 73 1K 70 1m qabede
S =LyLy L, Ly Ly S .

(3) The transformation rule for a rank 5 tensor T’ M.P in Cartesian coordinates is

'kl--p _ 7k 70 7c yd 7p' lab--e
TR = KL e 14 ppreb e,

11.4 Given a Cartesian coordinate system K with orthonormal basis ij,is,i3, consider the
coordinate system K’ with basis vectors

61:i1+i3,

ey = iy — i3,

es =i —ig +1i3.
1 .2 .3

(1) Compute the dual basis vectors e*, e, e”.

(2) Compute the covariant components of the vector V = i; — 2i3 with respect to the
bases e1, es, e3 and e!, e, 3 of part (a).

(3) Compute the contravariant components of the vector V. = i; — 2i3 with respect to

the bases ey, es, e3 and e!, e?, €3 of part (a).
(4) Find the components of the rotation matrix L = (L7,).

(5) Express the covariant components of the second-order tensor of K with components

0 1 0
[Pi) = [P*] = [P* =[Pi]=|-1 0 -1
0 0 1

in the coordinate system K’.

Solution: (1) Using the dual basis formula, we obtain:

0 1 1

(2) The covariant components of the vector V = i; — 2i3 are given by V; = V - e;. Thus,
they are
J=-1, Jo =2, Jz = —1.



(3) The contravariant components of the vector V = i; — 2i3 are given by V! = V - e'.
Thus, they are
J'==2,  J=3  J3=3.

(4) Let L = [L?,] be a matrix. We can either compute each entry of L using the formula
L;?, = e; - i, or noting that L is the matrix satisfying

€1 17
€9 =1L 19
€3 13
We conclude
1 0 1
L=[Ly=[0o 1 -1
1 -1 1

(5) The covariant components of P, are given by
. = Lo L Py,
where L = [LZ,] is the matrix we computed in the previous item.
Let P’ = [P};]. We have seen in class that

P' = [P}] = [Lii L} Py
= [L§ Py L))
= [(L - P)imLy]
LPL”,

where P = [Pj;]. Thus, to find all P}, we only need to compute LPLT.

1 0 1 0 1 0 1 0 1\
et =10 1 —-1)-(-1 0 =1]-{0 1 -1
1 -1 1 0 0 1 1 -1 1
0 1 1 1 0 1 1 0 —2
=|-1 0 —2|-[lo 1 —1]= (3 2 1
1 1 0 1 -1 -1 1 1 0

11.5 In this question, consider the two-dimensional orthogonal coordinate system (x!, z?) =

(z, 6) with position r given by
r = e*sin#i; + e* cos Ois,

where i1, 1o are the usual 2 dimensional Cartesian basis vectors.

(1) Compute the basis vectors eq, ez, e of this coordinate system.



2) Compute the metric tensor g;; of this coordinate system.

(

(3) Describe the arc length element in terms of the metric coefficients.

(4) Determine the Christoffel symbols of the first kind for the given coordinate system.
(

5) Determine the Christoffel symbols of the second kind for the given coordinate system.

(6) Compute the following components of the Riemann-Christoffel tensor

1 2 1
Rllla R1217 R222'

Solution: (1) The basis vectors are given by the formula

or
€; = 6:1;1'7
thus
or or .
el = — = — = ¢e"sinfi; + e* cos i
V= 921~ oz ! 2
or or .
ey = — = — = ¢” cosfi; — €* sin Ois.
27 9x2 00 ! 2

(2) The metric tensor is defined by

gij = €; - ej.
Thus,
e sin 6 e” sin 0 2 [+ 9 2 2
=e;-e = . = e (sin“ 0 + cos“ 0) = e*”,
g1 b <ex COSG) (ex Cos«9> ( i )
e’ cosf e’ cosf 2 2 . 9 2
=e9- ey = . = cos” @ +sin“ 0) = e*
922 2002 <—ex sin«9> <—exsin9) e ( +sin®6) = e,

- ooy — e?sin 0 . e® cos _ 0
12 =921 = CL 02 = w059 —e®sinf)

We conclude
e2r
G=lol =y S)-

(3) Since the system is orthogonal, the arc length element is given by
(ds)* = gridatda’ + goodr?da®
= (¢"dw)? + (e"dh)”
= (h1dz)? + (hodh)?



The metric coefficients are

hlzep, hQZGpCOSG, h3:6p.

(4) The Christoffel symbols of first kind are given by

1 <69¢j Ogik. agjk)

Ty = = :
k= 9\ ogk " g ozt

The only partial derivatives ag:z" that are non-zero are

8911 _ 0€2x _ 2622:, 6922 _ 862:0 _ 262m.
ox! ox ox! ox
Thus, the only non-zero Christoffel symbols of first kind are
INTED I'22, 212, [ao1.
We have
[iii — 1 (09 0914 09\ _19gu _ 2
W =9\ ozl " ozl ozt 2 Ox ’

r _ 1 (0912  0g12 9922\ _  Oga _ e
122= 5\ 902 T o2 T oxt Ox '

By Ricci’s Theorem I'y1g = —I'j90 = €?*. By the symmetries of the Christoffel symbols

D91 = [app = 2.

(5) To find the Christoffel symbols of second kind, we use the formula

it
ik =9 Lujk.

Thus, we need to compute the ¢?*. Since

[ A ] - 621’ 0
9ik] = 0 ezx )

[gik] = (6_0% e—ozx> :

Note that Fz'k = gingjk is zero if I';;i is zero. Thus, the only non-zero Christoffel symbols
of second kind are

we get

Il =g" T = e 2 (e¥) =1,
Py = T = () = 1.

2, =T% = g%y = e 22(e**) = 1.

2{17(



(6) The Riemann-Christoffel symbols is given by
orn., oI,
Tz‘jk = aa:jz  Oxk + F];krrpj - sz’j Tpk
Since all Christoffel symbols of second kind are constants, this formula simplifies to

T _ 1P 1T _ TP T
ik = Ul py = T i

= Flikrrlj + F%kFTZj - Flz'jl—‘rlk - injFTZk'

So
Rllll = 1ﬂlnFln + I‘21111121 _Flllrlll - 1j2111ﬂ121 =0,
=0 =0
Rigy =T + T3 1%, — 1T, —T2,0%, =1-1=0,
=0 =0
R1222 = I‘122F112 + F222F122 - Fl22F112 - I‘222F122 =0.
—_—— —— Y—— ==

=0 =0 =0 =0




	
	
	
	
	

