
Tensor Analysis – Practical 2
Solutions

Information:

• Please make sure to complete all exercises before the next lecture.

• The exercises marked with [See lecture] were solved in class.

• The exercises are not organised by difficulty.

2.1 Which of the following combinations of vector differential operators are valid?

(1) curl curl, curl grad, div grad.

(2) div grad, div curl, div div.

(3) grad div, curl grad, curl curl, grad grad, div curl.

(4) div grad, div curl, curl grad, div curl.

Solution: (1) and (4).

2.2 Translate the suffix notation equation

δijcj + ϵkjiakbj = dℓemcibℓcm

into ordinary vector notation.

Solution: We know from the lectures that

ϵkjiakbj = (a× b)i.

We also have seen that δijcj = ci. Thus, the LHS is

δijcj + ϵkjiakbj = c+ (a× b).

We can rearrange the terms in dℓemcibℓcm to have repeated indices together, obtaining

dℓemcibℓcm = bℓdℓcmemci = (b · d)(c · e)c.

It follows that the required vector equation is

c+ (a× b) = (b · d)(c · e)c.
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2.3 [Question from the Final Exam 23-24] Let u, v, w, and z be vectors in R3. Using

suffix notation, find an expression involving no cross products for

(u× (v ×w)) · z.

Write your final answer in vector notation. Provide all steps of your workings.

Solution: Using suffix notation, we get

(u× (v ×w)) · z = (u× (v ×w))izi

= ϵijkuj(v ×w))kzi

= ϵijkuj(ϵkℓmvℓwm)zi

= (δiℓδjm − δimδjℓ)ujvℓwmzi

= ujviwjzi − ujvjwizi

= (u ·w)(v · z)− (u · v)(w · z).

2.4 Here, we will compute the gradient of a dot product. In other words, we will take steps

to find an expression for ∇(u · v).

(1) Show that

[u× (∇× v)]i = uj
∂vj
∂xi

− uj
∂vi
∂xj

.

(2) Use item (1) to show

[u× (∇× v) + v × (∇× u)]i = uj
∂vj
∂xi

− uj
∂vi
∂xj

+ vj
∂uj
∂xi

− vj
∂ui
∂xj

.

(3) Conclude that

∇(u · v) = u× (∇× v) + v × (∇× u) + (u · ∇)v + (v · ∇)u.

Solution: (1) Using the definition of cross product, we get

[u× (∇× v)]i = ϵijkuj(∇× v)k

= ϵijkujϵkℓm
∂vm
∂xℓ

= (δiℓδjm − δimδjℓ)uj
∂vm
∂xℓ

= uj
∂vj
∂xi

− uj
∂vi
∂xj

.
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(2) We have shown

[u× (∇× v)]i = uj
∂vj
∂xi

− uj
∂vi
∂xj

.

Similarly,

[v × (∇× u)]i = vj
∂uj
∂xi

− vj
∂ui
∂xj

.

Adding everything together, we get

[u× (∇× v) + v × (∇× u)]i = uj
∂vj
∂xi

− uj
∂vi
∂xj

+ vj
∂uj
∂xi

− vj
∂ui
∂xj

(3) In vector notation, we know that

uj
∂vi
∂xj

= [(u · ∇)v]i and vj
∂ui
∂xj

= [(v · ∇)u]i.

where

u · ∇ = uj
∂

∂xj
.

Substituting this in the expression we got in (2), we get

[u× (∇× v) + v × (∇× u)]i = uj
∂vj
∂xi

−[(u · ∇)v]i + vj
∂uj
∂xi

−[(v · ∇)u]i.

We then just have to write the remaning two terms in vector notation. We have

uj
∂vj
∂xi

+ vj
∂uj
∂xi

= [∇(u · v)]i.

So that

[u× (∇× v) + v × (∇× u)]i = [∇(u · v)− (u · ∇)v − (v · ∇)u]i .

We then isolate the expression for ∇(u · v) to get

∇(u · v) = u× (∇× v) + v × (∇× u) + (u · ∇)v + (v · ∇)u.

2.5 Recall the relation

ϵijkϵkℓm = δiℓδjm − δimδjℓ.

Check that the left-hand side is equal to the right-hand side in the following cases.

(1) i = 1, j = 2, k = 3, ℓ = 1,m = 2,

(2) i = 2, j = 1, k = 3, ℓ = 2,m = 1.

Solution: (1) ϵ123ϵ312 = 1 · 1 = 1 and δ11δ22 − δ12δ21 = 1 · 1− 0 · 0 = 1. (2) Similar.
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2.6 Simplify the following suffix notation expressions.

(1) δijϵijk; (Note that this is a vector.)

(2) ϵijkϵiℓm;

(3) ϵijkϵijm;

(4) ϵijkϵijk.

Solution: (1) As δij = 0 when i ̸= j, we obtain

δijϵijk = ϵiik,

which is (0)k (the zero vector) by the definition of the alternating tensor.

(2) Using the relations ϵijk = ϵjki and ϵabcϵcde = δadδbe − δaeδbd, we get

ϵijkϵiℓm = ϵjkiϵiℓm

= δjℓδkm − δjmδkℓ.

(3) Replacing ℓ with j in the above, we obtain

ϵijkϵijm = ϵjkiϵijm

= δjjδkm − δjmδkj

= 3δkm − δkm

= 2δkm

where the second last equality arises from the fact that δabδbc = δac.

(4) Replacing m with k in (c) gives

ϵijkϵijk = 2δkk = 6.

2.7 Use the formula

(1) ϵpqr|M | = ϵijkMpiMqjMrk ( see Lecture slides)

to show that

(1) 6|M | = ϵpqrϵijkMpiMqjMrk,

(2) |MT | = |M |,
(3) |MN | = |M ||N |.
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Solution: (1) Upon multiplying formula (1) by ϵpqr on the left to both sides, we obtain

ϵpqrϵpqr|M | = ϵpqrϵijkMpiMqjMrk

which is equivalent to the following because of the equality ϵpqrϵpqr = 6 that we have shown

in (2.6)(4)

6|M | = ϵpqrϵijkMpiMqjMrk.

(2) From (a), we have

|M | = 1

6
ϵpqrϵijkMpiMqjMrk.

Now

|MT | = 1

6
ϵpqrϵijkMipMjqMkr,

which is equal to

1

6
ϵijkϵpqrMpiMqjMrk = |M |

upon relabeling i ↔ p, j ↔ q and k ↔ r.

(3) Recalling that, for a matrix A, we have ϵpqr|A| = ϵijkApiAqjArk, we can write

ϵpqr|M ||N | = ϵijkMpiMqjMrk · |N | = MpiMqjMrk · (ϵijk|N |).

Because

ϵijk|N | = ϵstuNisNjtNku,

we get

ϵpqr|M ||N | = MpiMqjMrk · ϵstuNisNjtNku

= ϵstuMpiNisMqjNjtMrkNku

= ϵstu(MN)ps(MN)qt(MN)ru

= ϵpqr|MN |.

Hence |MN | = |M ||N |, as required.
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2.8 Show that ∇f(r) = f ′(r)r/r, where r is the position vector r = (x1, x2, x3) and r = |r|.
[Hints: First recall that f ′(r) = ∂f

∂r . Then, at some point you should have the expression ∂r
∂xi

to deal with. Here it is helpful to first separately write out an equation expressing r in terms

of x1, x2, x3, and to then write this equation in suffix notation.]

Solution: In suffix notation, we have

[∇f(r)]i =
∂f(r)

∂xi

=
∂f(r)

∂r

∂r

∂xi

= f ′(r)
∂

∂xi
(xjxj)

1/2 (using r = (xjxj)
1/2)

= f ′(r)

(
1

2(xjxj)1/2

[
2xj

∂xj
∂xi

])
= f ′(r)

(
1

r

[
xj

∂xj
∂xi

])
= f ′(r)

xjδij
r

(
as

∂xj
∂xi

= δij

)
= f ′(r)

xi
r

(as δijxj = xi)

= [f ′(r)r/r]i.

Warning: Writing r(=
√

x21 + x22 + x33) =
√

x2j is wrong, because as a suffix notation

expression,
√

x2j is just xj . You need to explicitly write
√
xjxj . Only when j is visibly

repeated, is then summation implied.
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