Tensor Analysis — Practical 3

Solutions

Information:

e Please make sure to complete all exercises before the next lecture.
e The exercises marked with [See lecture| were solved in class.
e The exercises are not organised by difficulty.

3.1 [See lecture] Use the transformation law to show that V is a vector.

Solution: We must show that

V) = Li;V;.
Note that
[V']; 8?5;
= gzi 8‘; (Chain rule)

As [V); = Lij% = L;;[V];, we have our result.

3.2 [See lecture] Let f be a scalar field. Show that V - (Vf) is is a scalar using the
transformation law.

Solution: We must show that
(V- (V) =V (V)
Let us first write (V- (Vf))’ in suffix notation.
(V- (V) =V (V'f)
= Vi(V'f)i
= ViViS'.

Now, since f is a scalar field, its transformation law is f' = f. Since V is a vector (see
previous exercise) its transformation law is

V; = LijVj.
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Therefore

(V- (V) =ViVif
= (Li; V) (Lik Vi) f
= LijLipy ViV f
=0k V;iVif
= ViVif
= Vi(V)k
=V-(V/f),

which is the transformation law of a scalar quantity.

3.3 Use the transformation law and the fact that V and w are vectors to show that
w- -V

is a scalar.

Solution: We must show that
(w-V) =w-V.

We know that w and V are vectors, thus w] = L;jw; and Vi = 6%2 = Lik% = L V.

Thus, we get

= jkwjaixk (LijLit, = 1)




Lij _
or.

3.4 Consider L;; = %. Show that

Solution: We have
oLy 0%
ozl Oxlox;
%!
B Oz ;0
0 ox)

~ Ow; 01

(as the order of the differential does not matter)

. . . oz’ . .. . . .
Warning: Note that in the expression aifw the index ¢ is repeated, so this expression is
« 6 / ¢
actually Zle Bz?'

3.5 Suppose ey, ez, e3 are basis vectors for a Cartesian coordinate system, and let €], €}, e/,
be the images of e, e, e3 under a rotation. For each i, let

/ / /
€; = a;1€1 + a;2€9 + a;3€3

be the expansion for e; in terms of e;. Find expressions for the a;;’s in terms of e; and e;.

Solution: From e; = aije;., we claim that

Ai5 = e; e;'.
We see this from considering the right-hand side:

e; - e; = (a;€}) - e

/.
J
/ /
= a;,(e}, - ej)
= a;,0; (since the basis vectors are orthonormal)
= Qjj,

as required.
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3.6 Let u be the vector field defined by
u = h(r)r,

where h(r) is an arbitrary differentiable function, and r is the position vector r = (z1, x2, x3)
with r = |r|.

Show, using suffix notation, that V x u = 0.

[Hint: Exercise 2.8 can help you here: Vh(r) = h/(r)r/r.]

Solution: In suffix notation, we have

0
[V xul; = Gijkaixjuk

0
= Eijkai% (h(r)a)

~—[on(r) Oxy,
= Ez]k |:ax]$k + h(T)ax]:|

K ;
= €k { (:)x] Tk + h('r)éjk] <using Exercise 2.8:

Oh(r)  W(r)z;
or T
R (r
h(r

- peijkxjxk (as €ijudje = 0).

Now, notice that

€ijkTjTk = —€5ikTkT;
as €, = —€ig; but x;x, = v, If we relabel k < j, we get —epjrpr; = —€jpriz;. In
conclusion,
€ijkTjTh = —€;jkTjTy  thus €27 = 0.
Hence

V xu=0.




3.7 Show that V - V2u = V2V - u in two ways:

(1) directly using suffix notation;
(2) first using
Viu=V(V-u) -V x (Vxu)

from the lectures, and then using suffix notation.

Solution:
(1) We have
0 0%u
2. _ Y J
vV Ox; (85%856;)
AL
N Ox ;01 0xy,
B 83uj
N 0z 02,0z,
_ @ (%)
 Ozp0z Ox;j
=VV u
(2) Here we have
V. Viu= (v % (V x u))
0
aixj (V (V X u))j
0 0
(%U(((?x](?xk) €tm g (VX Win )
0 D%uy, 0 Oug
a((ax]axk> ﬂmm( mpqc‘)a;p>>
0 0?uy, 0%u, O€mpq
5((5)95]83%) €3tmEmpq axgaxp) S o U
8x]6x]8xk = (Ospeq = 5”5@)630]'83046%
_ 83uk _ 83UZ 4 83Uj
O0xj0x;0x),  Ox;0x0x;  Oxj0T,0T),
o aSUk _ a3uk n 83uk
a a$j8$j8$k 8xj8xj8:rk 8a:j8xj8xk
DBy,

- al‘j8$]’8$k7
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as the order of derivatives does not matter, and as each of the three terms are separate we
may relabel all dummy suffices. Hence we have the required result, as

V2 = i
895]-8:75]-'

3.8 Let f and g be scalar fields.

(1) Show, using suffix notation, that V x (fVf) = 0.
(2) Simplify V - (¢Vg) to an expression involving just one operator acting on one scalar
field.

Solution: (1) We have

0 0f

=4 5y Y )

08 (1,
= eukaixjaixk <2f > .

As in the previous exercise, we see that

9 9 (1) 9 9 (1,
w5538, (2) =~ Wara (27)

because the order of derivatives does not matter. Then, we relabel the indices k <+ j and get

9 0 (1, 9 9 (1,
w550, (27) =~ 3 (2"

which implies 61']‘]{%% (%fQ) = (0)1
(2) We have

0
V- (9Vg) = %(ng)j
J

_ 9 ( 99

N 8$j gaxj
ok 1,

= Bu,01; \2°
LjOL;

)
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