Tensor Analysis — Practical 4

Solutions

Information:

e Please make sure to complete all exercises before the next lecture.
e The exercises marked with [See lecture] were solved in class.
e The exercises are not organised by difficulty.

4.1 Given an orthogonal coordinate system K with orthonormal basis iy, io, i3, consider the
a new coordinate system K’ with basis vectors
e; =iy +iz — i3,
€y = il + 12,
e3 = i1 — i3.
(1) Find a basis e!,e?,e3 dual to ey, ez, e3.
(2) Find the covariant components of the vector joining the origin to the point (2,0, —1).

(3) Find the contravariant components of the vector joining the origin to the point
(2,0,-1).

Solution: (1) We have

1 1 1
e = 1 y €y = 1 5 e3 = 0
-1 -1
We will need
1
€] X ey = 1 X 1 = —1
-1 0
1 1 —1
€9 X e3 = 1 X 0 = 1
0 -1 -1
1 1 1
ez X e} = 0 X 1 = 0
—1 -1 1
We still need to compute V:
1 -1
V—e1~(e2><e3): 1 1 =1
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Applying to the dual basis formula, we get

€y X e -1

el 27" [
e - (e x e3) _q

ez X e 1
PR R —
eg-(egxel) 1

e Xxe 1

PR AT A
eg-(elxeg) 0

Remark: When computing V', we can pick any of the three formulas:

1 —1
V:el-(egxeg): 1 . 1 :1,

—1 -1

1 1
V:eg-(egxel): 11-10 :1,

0 1

1 1
V:e,?,'(eler): O . —1 :1

-1 0

(2) Let A = 2i; —i3. The covariant components of the vector A with respect to K’ are the
coefficients of the expansion

A = Aje! + Are? + Azed.

You can solve the system to find Ay, As, A3, or you can use the formula A4; = A - e;. Let us
show the second method:

1
A1:A-81: 0 . 1 :2,
-1 -1
1 1
Ay=A-ex= |0 1] =1,
-1 0
1 1
A3:A-83= 0 0 =2
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(3) Let A = 2i; — i3 again. The contravariant components of the vector A with respect to
K’ are the coefficients of the expansion

A = A161 =+ A2€2 =+ A3e3.

Again, you can either solve the system above to find A, A%, A3, or you can use the formula
A" = A - e'. We use the easier method:

1 —1
Al=A-el=l0]-[1]=0,
-1 ~1
1 1
A2=A-e=[0 ]| -|0] =0,
-1 1
1 1
AB=Ae=[0]| [-1]|=1
-1 0

4.2 [See lecture] Given an orthogonal coordinate system K with orthonormal basis i1, i9, i3,
consider the a new coordinate system K’ with basis vectors

e; = iy + 2iy + 4is,
€ = i2,
e3 = i1 + 2i2 + 5i3

(1) Find a basis e!, e?, e? dual to ey, ez, e3.

(2) Find the covariant components of the vector joining the origin to the point (1,1,1).

(3) Find the contravariant components of the vector joining the origin to the point
(1,1,1).

Solution:

(1) Here, we have

1 0 1
€1 = 2 ) €y = 1 ) €3 = 2
4 0 )
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We will need

1 0 —4
egxex= |2 | x| 1 |= 0
4 0 1
0 1 5
€y X e3 = 1 X 2 = 0
0 5 -1
1 1 —2
€3 X e = 2 X 2 = 1
5 4 0
We still need to compute V:
-2
V:eg‘(egxel): 1] - 1 =1.
0
Applying to the dual basis formula, we get
ey X €: o
el = 2 3 =eyxeg3=1| 0
el - (62 X 83) 1
e3 X e —2
e? = 3 ! =e3 Xe = 1
[SHIN (e3 X e1)
e xe —4
el = ! 2 =e; xXxey=10
es - (e1 X 82) 1

(2) Let B =1i; + iy +i3. The covariant components of the vector B with respect to K’ are
the coefficients of the expansion

B = Bje! + Bye? + Bse’.

They are given by the formula B; = B - e;:



1 1
BlzB-elz 1 2 :77

1 4

1 0
BQZB'QQZ 1 1 :17

1 0

1 1
Bng~e3: 1 2 = 8.

1 5

(3) Let B =i +i2 +i3. The contravariant components of the vector B with respect to K’
are the coeflicients of the expansion

B = Ble; + B%ey + Bdes,

i

which are given by the formula A’ = A - e’:

1 5
Bl=B.el= |1 0| =4,
1 -1
1 -2
B’=B-e&’= |1 1| =-1,
1
1 —4
B*=B.e*=[1 0| =-3.
1 1

4.3 Given an orthogonal coordinate system K with orthonormal basis i, io, i3, consider the
a new coordinate system K’ with basis vectors

e = i1 + 2io,
ey = 2i; + 2iy + 4i3,
e3 = 2i3.

(1) Find a basis e!, e?,e3 dual to ey, ez, e3.

(2) Find the covariant components of the vector C = 2iy + 2is.
(3) Find the contravariant components of the vector C = 2iy + 2i3.



Solution:

(1) Here, we have

1 2 0
e| = 2 R €y — 2 5 €3 = 0
0 4 2
We will need
1 2 8
€] X ey = 2 X 2 = —4
0 4 -2
2 0 4
€9 X e3 = 2 X 0 = —4
4 2 0
0 1 —4
e3 X e = 0 X 2 = 2
2 0 0
We also need:
0 8
V:eg-(elxeg): o)-{—-4] =-4.
2 -2

Applying to the dual basis formula, we get

-1

elz € X e3 :EEQXeg: 1
el - (62 X 63) —4 0

1

62_ €e3 X e] _83Xel_ 1
- - - 2
€eo - (63 X el) —4 0

-2

e3: e; X e :elxegz 1
es - (e1 X 82) —4 1

2

(2) The covariant components of the vector C with respect to K’ are the coefficients of the
expansion
C = Cie' + Che® + Cse’.

They are given by the formula C; = C - e;:



0 1
0120'61: 2 2 :4,

2 0

0 2
CQZC'GQZ 2 2 :12,

2 4

0 0
C’3:C~e3: 2 0] =4.

2 2

3) The contravariant components of the vector C with respect to K’ are the coefficients
p p
of the expansion
C = Cle1 + 0262 + 0363,

?.

which are given by the formula A’ = A - e:

0 -1
cl=cCc.el=|2 1| =2,
2 0
0 1
C2:C'62: 2 —% :—17
2 0
0 -2
Cc’=C-e’= (2 1| =3
1
2 2

4.4 Given an orthogonal coordinate system K with orthonormal basis iy, i9, i3, consider the
vector B with components
B =i + 3is.
Let K be a new coordinate system with basis vectors
e =i,
ey =i — iy,
ey =iy +ip +1i3.

(1) Work out the expansion coefficients L}, L%, L3 for each i = 1,2, 3.

(2) Compute the covariant components B. of B in the coordinate system K.
(3) Find a basis dual to €, €}, 5.

(

4) Compute the contravariant components B’ of B in the coordinate system K.



(5) Let g% = e’".e’*. Compute these ¢** for all i,k = 1,2, 3. (It might be more convenient
to write your answers as the entries of a matrix.)

(6) Using your answers to parts (2) and (5), work out the contravariant components B
of B in K’ in another way.

Solution: (1) We L, =€/, - iy, so
1 2 3
Lll - 1, Lll - O, Ll/ - 07
2 3
L%/ - 1, L2/ - —1, LQ{ - 0,
1 2 3
L3/ - 1, L3/ = 17 L3/ = 1

(2) Hence, from B] = Lg,Bj we obtain
By =LyBy+L3By+ L3 B3 =1,
By =L)B) + L3By + L3 B3 = —2,
By =LyBy +L%By+ L3 B3 = 4.

(3) We have
1 1
e’l = , e'2 = —1 , eg =
0 0
We will need
1 0
e x e, = x| -1 =10
0 0 -1
1 1 -1
ebxeh=| -1 | x| 1 ]=[ -1
0 1 2
1 0
e x e = x| o ]=[1
0 —1
Now
ey x € -1 1
e/l . 2 3 o 1 _ 1



/ / 0
/2 e3 xeq
T @axeny R T
-1 1
, , 0 0
/3 €1 Xe2
= elg.(ell Xelg) == 0 = 0 )
—1 1

gives us the dual basis.

(4) We have L = &' - i, thus
=1, =1, rf=-2
¥ =0, L¥=-1, L%=1,
Ly =o0, L¥=o0, LI=1
Hence, from B" = L;’ BJ we obtain
B'=LI'B' + LB+ L} B® = 14,
B?=L¥B'+ L} B* + LY B® = -3,
B =L¥B'+ LyB*>+ LB =0.

(5) Tt is easier to write ¢'* as a matrix:

gh=1 -3 2 1

6) We will use the relation B’ = ¢?*B! = S5 __ ¢%*B!. Performing this straightforward
k k=1 k
computation yields the same answers as in part (4).

4.5 [Question from Final Exam 23-24] In this question, denote by K the Cartesian
coordinate system with vector basis ij, is, i3, the standard orthonormal basis of R?. Denote
by K’ the coordinate system with vector basis e;, es, ez given by

e = 211 +i3
€9 :ig

e3 = 1i] — iy +1i3.

(1) Find the dual basis e', e?, €.
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(2) Find the covariant and contravariant components of the vector V = 3i; — 2iy + i3
with respect to the bases ei, es, e3 and e', 2, 2.

Solution:

(a) We have

We will need

Notice that

e -(ez xe3) =ez-(e3 xe;) =ez- (e xez) =1

Consequently

1 €eg X e3 1

e =—————— _=eyxe3=|0

er - (62 X 63) -1

2 e3 X e] -1

e =——""—_"=e3xe =|1

€9 - (63 X e1) 2

3 e; X es -1

e = ———""—=e; Xey=|0

es - (e1 X eg) 2

(b) The covariant components of V are given by

VZ:VeZ

i (3) ()= w ()= () ()=

Similarly, the contravariant components of V are given by

Vi=V.ée.

Thus

Thus
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4.6 Consider dual bases e, e, e3 and e', e?, e?, and denote
V=e-(exxes), and V' =el (e’ xed).

Show, using the vector triple product formula, that V' =1/V.

Solution: In the lectures, we have shown
Vi=el-(e3 x e3).

As

we have

V,_egxe3.<e3><e1><e1xe2>

|4 %4 Vv
- vl?» (e2 x e3) - ((e3 x ©1) - e2)er — ((e5 x e1) - 61)es)
= V13 (e2 x e3)-((eg x e1)-ez)er) (because (e3 x e1) L eg)
- % (e2 x e3) - (Ver)
:%(62 ><e3)-e1
_ 1
=7

as required.

4.7 [See lecture| Express the scalar triple product (A x B) - C in terms of the covariant
and contravariant components of the vectors A, B and C, with respect to dual bases. You
may use the equalities

. . 1
(1) A xB = (A'B* — AFBHV = 7 (A B — AiBj).

Solution: Writing D = A x B, we have from Example 3.8 that,
D = D;e' = (AB* — A*B/)Ve!
. 1
= D’ei = V(A]Bk — Ak.Bj)ei.
Thus, writing E = D - C, we obtain
E = Diei . Cge@ = %(14JB1C — AkBj)Ce,
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as gjr = €; - ep. Similarly,
E = Die' - Cve’ = ¢V (A'B* — A¥B)C,,
’ 1
E= Dzei . Cgez = V(A]Bk - AkBj)Cg,

and
E = D;e' - C'e; = V(AIB* — A*B)C".
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