Tensor Analysis — Practical 5

Solutions

Information:

e Please make sure to complete all exercises before the next lecture.
e The exercises marked with [See lecture| were solved in class.
e The exercises are not organised by difficulty.

5.1 [See Lecture] Write down the transformation rule for:

(1) a tensor of rank four,
(2) a tensor of rank six.

Solution: Rank four: ’I%jkg = LiaijchLﬁdTabcd-

Rank six: Rjjkemn = LiaLjpLkcLoaLmeLn f Rapede -

5.2 If Q;jke is a tensor of rank four, show that @);;;¢ is a tensor of rank two.

Solution:  As Qjjk¢ is a tensor of rank four, it satisfies
Q;jkﬁ = LiijnLkaﬁquan‘
Hence
Q;jj@ = LiijnLijEqunpq

= LimOnpLieqQmnpq (using LjnLj, = 0np)
= LimLEqunnqy

which gives the result.
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5.3 [See lecture] If T;; is a tensor, show that Tj; is a scalar.

Solution: Since Tj; is a tensor, we know that TZ’] = Lix LjmTyr,. Therefore
Tj; = LikLimTem

where the last equality comes from the fact that we can replace a dummy index with another
dummy index.

5.4 Consider the 2D polar coordinates (z',2?) = (r,6). In this system, the position vector
r is given by

r =rcosfi; + rsinfis,

where iy, io are the usual 2-dimensional Cartesian basis vectors.

(1) Find the corresponding basis vectors e; and es.

(2) Find the covariant metric tensor g;; and give your answer as a 2 x 2 matrix. Using
the fact that the basis e;, e is orthogonal, find the contravariant metric tensor ¢%.

(3) Give an expression for the arc length of the polar coordinate system, plus explicitly
state the metric coefficients hq, ho.

Solution: (1) Remember that e; = 2%, Thus,

ox®
0 0
61287;28—::(:%%1—#8111%27
81‘ 81‘ . 9. + 0'
€= ——=— = —rsinfi; +rcosfis.
27 922 00 ' ’

(2) Using the result in (1), we obtain
gir=e€e1-€e1 = cos? 0 +sin® 0 = 1,
gog = €9 - €3 = r?sin? 0 + r?sin’ 6 = r2,

g2 =e€1-€e =g =ez-e; =0.

1 0
i = 0o r2 )’

In matrix form



Using orthogonality, we have g;; = 1/¢% for each i = 1,2. Thus
- 1 0
iy
! ( 0 1/ >

(3) The element of the arc length is
(d3)2 = gijdxidﬂfj = gndatdst + gopda’da?
= (dr)? + (rdf)>.

Hence the metric coefficients are

5.5 In spherical coordinates (z!, 22, 23) = (r, ¢,0), the position vector r is given by

r =rsin¢gcosfiy + rsin¢sinfis + rcos ¢ is.

Find the basis vectors and the metric coefficients.

Solution: We have

r . . . . . .
e = o sin ¢ cos 011 + sin ¢ sin 0 is 4 cos ¢ i3
r
or . P C .
ey = GTZ) =rcos¢cosfiy + rcospsinfis — rsin@is
or

es = —rsin ¢sin fi; + rsin ¢ cos b is.

~ o6
Hence the element of the arc length is

(ds)? = (dr)® + (rd¢)® + (rsin ¢ df)?
The metric coefficients are then

hi=1, hg=7r, hsy=rsing.




4

5.6 [See Lecture] Given two vectors A and B, with components A; and B;, show that the
second-order tensor with components
Cik, = AiBy, — A B;

is antisymmetric.

Solution: We must show
Cir = —Cl;.
We have
Cri = ApB; — AiBy = —(A;By — Ay B;) = —Ci.

5.7 [Question from the Main Exam 23-24]| The third-rank tensor T;;; is symmetric
with respect to its last two suffixes but antisymmetric with respect to its first and second
suffices. Show that all entries of this tensor are zero (i.e. Tjj; = 0, for all choices of 4,5,k).

Solution: One the one hand,
Tijr = —Tjir, = —Tjpy-
On the other hand,
Tiji = Tiry = —Thij = —Trji = —(=Tjri) = Tjni-

Consequently, —T}; = T)jx;, and therefore Tj;; = 0, as required.

5.8 Let ¢', ¢2, ¢® be coordinates related to orthogonal coordinates x1, z2, £3 with orthonormal
basis i1, io, i3 by the formulae

1 2 3
q =x1+T2, q =x1—2T2, q = 2x3.

(1) Find the corresponding basis vectors and show that they form an orthogonal basis.
[Hint: Using r = 111 +x2i2 + x3i3, you need to find expressions for x1, 9, z3 in terms
of ¢*, 4%, ¢* and substitute these into your expansion for r.]

(2) Find the metric tensor g;; and give your answer as a matrix. Using the fact that the
basis e, e, e3 is orthogonal, find the contravariant metric tensor g**.
(3) Give an expression for the arc length of the coordinate system with respect to the
basis eq, e, €3.
(4) Find the covariant and contravariant components of the vectors
A=2i;, B=1i+iy, C=2i;— 3is,

with respect to the basis e, e, e3, but without computing the dual basis e, €2, e3.



Solution:

(1) We have the position vector r = x1iy + x2is + x3i3 is given by
1 2 1 2 3
i +E. -, P,
r= 5 11 + 5 12—1——213.

Hence the basis vectors are given by

or i1 ig

81287(]1254‘5,

81‘ i1 ig

2523
_or i3
e3_87q3_§'

Clearly one has e; - e, = 0 when i # k, hence the basis is orthogonal.

(2) The metric tensor g; is given by

12 0 0
gl = 0 1/2 0
0 0 1/4

Now as we are dealing with an orthogonal basis, we have ¢* = 1/g;;. Thus

2 00

g 020
00 4

(3) As the basis e, e, e3 is orthogonal the formula for the arc length is

(ds)? = gi1dq'dq + goadq*dq® + gssdq®dq?,

hence ) . .
(ds)? = §dqlalq1 + §dquq2 + qu?’dq?’.

(4) Consider A = 2i;. As A; = A - e;, we have
Ar=1, Ay=1, Az=0.
Then using the relation A* = g% A; (no summation), we obtain
Al =gMA; =2
A2 = g2 Ay =2
A? = g% A3 =0.



Similarly one has
By=1, By=0, B3=0,
B'=2 B*=0, B’=0
and
Ci=1, Cy=1, (C3=-3/2,
cl=2 (C?=2 (*=-6.

5.9 Given two generalised coordinate systems, with bases ej, ez, e3 and €], €}, e}, respec-
tively, suppose that the position vector x has coordinates (2!, x2, 2%) with respect to e1, es, e3

and suppose that x has coordinates (z'!, 22, 2/3) with respect to €/, €}, €}.

Let Lg, be the coefficients of the direct transformation and Lg / the coefficients of the inverse
transformation. Given the following alternative definitions:

oxd I — ox't

jg _ I v
Ly = oz’ J oxi’
show that
y o g
gi] — L’L L']YC,
Solution: We have " ) )
I o0x'® 0xI ox’ ;
kKrjg _ _ _ £
LB = G oo = g =0

as required (using the notation for generalised coordinate systems).
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