Tensor Analysis — Practical 7

Solutions

Information:

e Please make sure to complete all exercises before the next lecture.
e The exercises marked with [See lecture| were solved in class.
e The exercises are not organised by difficulty.

7.1 Compute the outer product following pairs of tensors.

(J)M:[Mij]:(? 11>andN:[Nij]:<? g)

(2) P=[P]=(0 1)and

Qun Q2 Q211 Q1212 01 2 0
Q = [Qiin] = Qri21 Qriz2 Qi221 Q1222 _ 11 -1 -1
Y Q2111 Q2112 Q2211 Q2212 01 1 0
Q2121 Q2122 Q2221 Q2222 10 -1 3
1 2 4
(3) R=[R]=(1 -1 0)and S=[S;]=| -1 0 -7
0O 1 0
Solution: (1) By definition
ON 1N
Me N = ( 1IN —1N>
0 0 O 2
oo 1 3
o2 0 -2
1 3 -1 -3
(2) By definition
000 O0O0OT1T 2 0
O00O0O0O11 -1 -1
P = =
@0 (OQ 1Q) 00 0O0O0OT1T 1 0
Ooo00o01o0 -1 3



(3) By definition

R®S=(15 -S 0S)=|-10 -7 1 0 7
0

o O O
o O O
o O O

7.2 Let T;; and R;je be tensors of rank 2 and 4, respectively. Show that

Tkm Rkpqm

is a rank 2 tensor.

Solution: We must show

Tkm Rkpqm = va qu Tné Rn’uwﬂ .

Because T;; and R;ji are tensors, we know that

Tkm = LkanETn€7
Rkpqm = LkuvaquLmsRuvws~

Thus,

Tkakzpqm = LkananZLkuva qu Lms Ruvws

= (LknLku) (LmKLms) vaquTnéRuvws (re—ordering)
= 5nuéstvaqun€Ruvws (using LgpLac = Ope)
= vaquTné (5nu5€sRuUws) (re—ordering)

= va qu Tné anwé




7.3 Given that

1 0 2
[Rzk] =13 2 1], A =1i; + 21y —i3.
1 3 4

find the inner products R;;A; and R Ay.

Solution: Notice that R;zA; can be rewritten as R A; = (RT ) A; = (RT A)y.

102\ /1
3 21 2 |,
1 3 4 -1
which equals
1 3 1 1 6
0 2 3 2 =11
2 1 4 -1 0
Next, T; Ay is the usual
1 0 1
3 21 2 ,
1 3 -1
which equals
-1
6
3

7.4 Let T;;, and A be the same as in the preceding problem, and let
B = 4i; + 5iy + 3is.
Find the inner product T;pA; By.

Solution:

We set C} := T;,A;, and thus C =

S = O

product of C' with B. This equals 24 + 5 = 29.

Then TzkAsz = CkBk which is the dot




4

7.5 Find all possible contractions for the following dimension-two tensors.

(1) [Ay] = ( i _01 >

(2)
Bi111 Biiiz Biain Bioi2 1 0 0 7
B - | Buzn Buz Boa Buae | 4 0 2 11
[Bijre] = _
Bo111 Baii2 Baoi1 Boaoio 2 2 -1 -3
Bo121 Baiza  Baza1  Baooo 1 128 2 0
Solution:

(1) Ay =A11+A%9 =1+0=1.
(2) Here there are different options:

2 2
Bk = Y Biikk = > _(Buiikk + Baokr) = (Bian1 + Baoi1) + (Biigz + Baggg) =1 - 14040 =0,
ik=1 k=1

2 2
Bijij = Z Bijij = Z(Bljlj + Baj2;) = (Biin1 + Bai21) + (Bi212 + Baga2) = 1+ 1+ 74+ 0= 9.
ij=1 j=1
2 2
Bijji = Z B;jji = Z(Bljjl + Bajjo) = (Bi111 + Bai12) + (Bi2a1 + Bagoa) =14+2+2+0 = 5.
ij=1 j=1




	
	
	
	
	

