Tensor Analysis — Practical 8

Solutions

Information:

e Please make sure to complete all exercises before the next lecture.
e The exercises marked with [See lecture| were solved in class.
e The exercises are not organised by difficulty.

8.1 The Christoffel symbols of the first kind can be expressed in terms of the metric tensor

as follows:
1 (g | 0gij  Ogk;
2\ 029 Ozk 02t )’
This expression simplifies for orthogonal coordinate systems (those with g;; = 0 when i # j).

Find the simplified expression for I';;;, in the cases

Liji =

(1) i=j=Fk;
(2)i=j#k;
(3)i#j=k
(

4) 1,7,k are all distinct.

Solution: (1) If i = j = k, then for fixed ¢ (no summation convention),
1 /0 Oa  Oa 1 9q.:
Ty = Disi = ( Yii + gz‘z gzz> _ 10Gii

T2\ ozt T oxt Oxi) 20zt

(2) If i = j # k, then likewise

Liji = Liar =

1 (99ii , Ogir _ Ogix _ 10gi
2\ ozk = Oxt oxt ) 20xk’

(3) If i # j = k then
1 (8g;;  Ogy gy 19g;;
Fijkzrijj:2< 9ij 294 g”)z— 93
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as g;j = 0 for 7 # j.

(d) If 4, 5, k are all distinct, then

1 (0gi;; Og; 0g;
Pz’jk: <g]+ gl?— gﬂc>:0'
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8.2 [See lecture] We have seen in Practical 5 spherical coordinates (z!, 22 %) = (r, ¢, 0),
the metric tensors are

g=1, ga2=r> gz =r’sin’¢,
and the other components of the metric tensor are trivial. Find the Christoffel symbols of
the first and second kind.

Solution: We have a formula for I';;;, in terms of the metric tensors:

T, = L1 (99i; | Ogik _ Ogjn
" 2\ 0zk  Oxi  Ox' )’
As the only non-constant g;; are gos = r2 and g33 = r2sin? ¢, the only non-zero partial

o 9gi
derivatives af;,g are

dgan  Or?

— = — =2,

oxl or

dgsz  O(r?sin?¢) 5

Dl o = 2rsin® ¢,

o o 2 2

891?23 = (r 5:;1 ?) = 2r2 sin ¢ cos ¢.

So, we conclude that the only possibly non-zero Christoffel symbols are the ones with indices

e 1,22 or
e 1,33, or
e 233,

in some order. Thus

oL dg12 | 0912 Ogaz :_l@:_l.%:—r
12275\ 592 " 922 9al 2 Ozt 2 ’
10 1
F212=F221=§%:§'2T:T’
10 1
Dia = =3 g1 =~ 2rsin’ 6 = —rsin’s,
10 10 1
313 =331 = 955 _ 9958 _ 2 9y gin? ¢ =rsin® ¢,

20z 20zt 2

10 1
Pog3 = —5£ =3 (2r? sin ¢ cos ¢) = —r? sin ¢ cos ¢,

1 0g: 1
D393 = I'332 = 5% =5 (2r? sin ¢ cos ¢) = r?sin ¢ cos ¢

Lijr =0, for all other values of i, j, k.



To find the Christoffel symbols of second kind I' i, we use the formula
Fi _ iﬁr R ’ilF . i21—\ ) i31’\ )
k=9 Laj =9 Ly + 9 Lok + 9713k
Recall that in orthogonal coordinate systems g% = é and ¢ = 0 if i # j. Thus

1 g8 1
11 22 33
=1, = —, = 7.
I g 72 g 2 sin? ¢
Applying to the formula, we see that

1 11
F22 = F122 = -,

1 1
2, =72, =¢®2Iyp = — -7 = -
12 21 = 9 1212 2 e

1 11 .2
I'33 =g T'133 = —rsin” ¢,

1

1 .
F:{’?’ = F§1 = g33F313 =53 (7“ SIH2 ¢) = ;,

r28in” ¢

1
35 = g°°Ta33 = — (—r%sin ¢ cos ¢) = — sin ¢ cos ¢,
T

. . 1 )
F%s = F§2 = 933F323 = 52 (7“2 sin ¢ cos ¢) = cot ¢
r?sin” ¢

Ly =0, for all other values of i, j, k.

8.3 Consider the 2D coordinates (z!,2%) = (p, 6), in which the position vector r is given by
r = p®cos(20) iy + p*sin(26) iy,

where iy, io are the usual 2-dimensional Cartesian basis vectors.

(1) Find the corresponding basis vectors e; and es.

(2) Find the covariant metric tensor g;; and give your answer as a 2 x 2 matrix. Using
the fact that the basis e;, e is orthogonal, find the contravariant metric tensor ¢%.

(8) Find all Christoffel symbols I';;;, of the first kind.
(4) Find all Christoffel symbols Fé-k of the second kind.



Solution: (1) We know that e; = %. Thus

e = 88; = g; = 2pcos(20) i1 + 2psin(20) iz,
or or 9 . . 2 :
er =5 =75= —2p~sin(20) iy + 2p* cos(20) ia.

(2) By definition, g;; = e; - ;. Thus

_ (2pcos(20)\ (2pcos(20)\ _ o o 9 . 92 2
g1 = <2psin(29)> <2psin(29) = 4p” cos”(20) + 4p* sin*(20) = 4p~,
2pcos(2«9)> . (—2,02 sin(26)

12 = 921 = <2psin(20) 2p? cos(26)

) = —4p% cos(26) sin(20) + 4p° cos(26) sin(26) = 0,

s = <—2p2 sin(20)> ' <—2p2 sin(26)

= 4p" sin®(20) + 4p” cos?(20) = 4p*.
2p? cos(26) 2p? cos(29)> psin(26) + dp” cos™(26) = dp

Note that since g;; = 0 when 7 # j, this is system is orthogonal. Thus, we can use the
formula
git = i
Gii
We obtain

n_ 1 92 _ 1
4p2’

By definition of orthogonal, we have ¢'2 = ¢?! = 0.

In matrix notation, we have
4p2 0 . = O
G =lg:.] = ij] — | 4p )

(3) Recall that

1 (0gij  Ogik  Ogjk
1 ik = = J -
(1) ik =y <0xk T ow T

Since



. . dgii
the only non-zero partial derivatives 524 are

ox
2
Ogu _ 0Wp7) _ ¢,
Ox! op
dga2 _ 9(4p") 3
— = =1
Ox! p O

Thus, a quick analysis of the formula ([1) reveals that the only possibly non-zero Christoffel
symbols (of both first and second kind) are the ones with indices

e 11,1, or
e 1,1,2 (in some order).

Thus, the Christoffel symbols of first kind are given by

roooo L (9m  Odgun Odgn\ _1dgu 1 o,
1 =g 291 2 P P
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1/0 0 0 10 1
Iy =T121 = 3 ( g | G912 912> - G2 16p° = 8p°,

ox? = Oxl oxl ) T 2022 2
1 (0g21  Og21  Ogi1 19g11 1 3 3
[oi — & _ — 299 T 463 =
Ty <8a:1 ozt Ox? 2022 2 O 5

[ix; = 0,  for all other values of 1, j, k.

(4) To find the Christoffel symbols of second kind Fijk we use the formula

I =" Ty = g" Ty + 97T oy

L L0
[g”1=(452 Rk
4p*

1 1
I, =¢"Ti=-— 4p=~

Since

I, =13 =g¢"Tio =

.8p3 =2
12 % P,

1 2
5 = g% Tan = — - (=8p%) = ==,

;;j =0, for all other values of i, j, k.
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8.4 Consider the coordinates (z!,22%,23) = (z,y,t), in which the position vector r is given

by
r= (a:2 — y2) i1 + (2zy) ig + tis,

where iy, iz, i3 are the usual Cartesian basis vectors.

(1) Find the corresponding basis vectors e, ez, and es.

2) Find the covariant metric tensor i and the contravariant metric tensor gij. Give
Gij
your ﬁnal answer as 2 X 2 matrices.

(8) Find all Christoffel symbols I';;;, of the first kind.
(4) Find all Christoffel symbols F;k of the second kind.

Solution: (1) We know that e; = -2 . Thus

ozt "
or or ] ]
61:%:%:21}11—%2@/12,
or or ) )
62:@:%:—2y11+2x12
or ar
e3 = —= = — = i3.
ST 048 ot

(2) By definition, g;; = e; - €;. Thus

2x 2x
gu=|2y|-|2y] =4E"+9),
0 0
2x —2y

g2 =921 = |2y 2z | = —4dwy + 4oy =0,

g13 = g21 = | 2y



—2y —2y
go=| 2z |- | 2z | =4 +47),
0 0
—2y 0
g3=g=| 2z |-[0] =0,
0 1
0 0
g3=10]-10] =1
1 1

Note that since g;; = 0 when i # j, this is system is orthogonal. Thus, we can use the
formula

We obtain
1 _ 1 22 1 33 _ 1

i@y T T Ay
By definition of orthogonal, we also have ¢” = 0, whenever i # ;.

Our final solution as matrices is then

422 + y?) 0 0 ) ) 0 0
G = lgij] = 0 4@ +y%) o), gV = 0 gy O
0 0 1 0 0 1

(3) To compute the Christoffel symbols of first kind, we use the following formula:

1 (0gij | Ogik  Ogjk
Liik = J .
k9 <8$k 0w T o
Since
4(2? + y?) 0 0
G =lgi] = 0 4z +9%) 0],
0 0 1
the only non-zero partial derivatives gjj,g are
9gu1 _ Ogaa _ O(4(z* + y*)) _ 8
Oxl Ox! Ox ’
g _ Oga2 _ O(4(2? + %)) _3
ox? 0Oz oy Y-

Thus, the only possibly non-zero Christoffel symbols (of both first and second kind) are
the ones with indices

e 111, or



e 1,1,2, or
e 1,22 or
e 2272

in some order.

Thus, the Christoffel symbols of first kind are given by

= (5 5 - 5) = aa ma e

e =T = (G0 + G 901 ) =38 =3 =10
Lo1y = —;%(221 = —% 8y = —4y

[o12 = Too1 = %% = %-8:13 = 4x,

[iog = —%% = —% -8r = —4x

F222=;%g;22=; y =4y,

[ig; =0,  for all other values of i, j, k.

(4) To find the Christoffel symbols of second kind T i We use the formula

I = g" T = " T + 9ok + 9% Taj.

Since )
(e 00
l9¥] = 0 (2142 0
0 0 1
4z 4y
L o— i, — ! —71l — A, = ’
11 =9 lin 4z 1 42) 12 21 — 9 Lli112 472 1 )
4y 4x
2 _ 22 _ 2 _ 72 _ 22 _
'Yy =g Tann = —Wv I'fs =19 =9"Ta2 = W,
4x 4y
1 11 2 _ 22 —
oo =9 Tho = —Wa 39 =97 T = W’

;gj =0, for all other values of i, j, k.



8.5 Given that the transformation law for the Christoffel symbol of the second kind is
o, , , OL™
Iy, =Ly LpLpTt,, + L, ZEE%’

show that the covariant derivative of a covariant vector is a second-rank covariant tensor.

[Hint: You can use the equalities L]} = % and L;,Li/ = 0", that we already have shown.]

Solution: We have

A, ;o
i
8 Vi 6 m i Vi -/ 6Lm
=5 ———(Ly Ag)a = — Ly A (L% Ly LyIe,,, + L, L 81'1”
0 i’ " OLI} ox™
= LZfax—m(Lf,Ag) — (L Ly ) LP LT, A — (L5 L) pA <as Ly = W)
9 4 ryrmyn e r n aL?’l r g r
== Lkla (L A[) (6()_[/1/ Lklr mnAT - (5m) k/ArW (aS L]/Lf = 5()
oL}
— L@ai(Lf,Ag) — LPLRTY A — W Am
aAg oL, oL
= LML — o T+ LA — LILRTY, Ay — LipAm
0A oL} oL}
= LML= ¥ B : Ly A, 8— — LTt Ay — L@Ama—ln (as m, ¢ are dummy suffices)
b
8Ag
8A
=L, W gm = — LLLmrn, A, (swapping dummy suffices)
™
0A,
= Lj w(5pm — DemAn)

= LA Agn.
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