Tensor Analysis — Practical 9

Solutions

e Please make sure to complete all exercises before the next lecture.
e The exercises marked with [See lecture] were solved in class.
e The exercises are not organised by difficulty.

9.1 Given a 2-dimensional metric tensor

[9i5] = (3 e(Z)x>

for the a coordinate system (2!, z?) = (z,y), calculate the components of the Ricci tensor R;;.

Solution:

Let us find the Christoffel symbols of second kind. The only non-zero partial derivative
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Thus, using the formula
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we see that the only possibly non-zero Christoffel symbols of second type are the ones having
two indices 2 and one index 1. That is, I'}y, T'3,, and T'%;.

Before computing the Christoffel symbols, we need to compute the inverse metric g% :

Thus,
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Using the formula
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we can compute the Ricci tensor components
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9.2 Consider the 3-dimensional space in spherical coordinates that has arc length element
ds® = dr? 4+ r2d6* + r? sin® 0 dp?

Compute the Ricci tensor components Ry for this coordinate system. Here (2!, 22 2%) =

(r.0.6) R

Solution: We have
1 0 0
lgij] = [0 0
0 0 r2sin’6

Thus, the only non-zero partial derivative % are
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Thus, the only possible non-zero Christoffel symbols are the ones having two indices 2 and

one index 1, the ones having two indices 3 and one index 1, and the ones having two indices 3
and one index 2.

Before finding them, we still need

1 0 0
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Thus, using the formula
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we get that the non-zero Christoffel symbols are
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Using the formula
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we can show that the Ricci tensor components are

Ri1 =0, Ropy=1, R33=sin’0.



9.3 Given a 3-dimensional metric tensor

e 0 0
9i5 = 0 62U 0
0 0 2w

in coordinates (z!,2%,2%) = (u,v,w). Find the Ricci tensor components R;;.

Solution: Again,

e 0 0
9i5 = 0 620 0
0 0 e
Thus, the only non-zero partial derivative % are
8911 _ 8@2" _ 2€2u
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Ox? Ov ’
3933 _ a€2w _ 262w
oz Oow

Thus, the only possible non-zero Christoffel symbols are the ones having three repeated
indices.

Before computing these Christoffel symbols, we still need

Thus, using the formula

i _ 1 (99  Ogmx  Ogjk
k9 oxk ~ Oxi 92t )’
we get that the non-zero Christoffel symbols are

1

Il = 5(e2)e™) =1,
1

I3 = 5 2)(2e™) = 1,
1

Ty = 5(e72)(2e™) = 1.
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Therefore, if we apply this to the formula
_ oy oy,
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kol ¢ ok
+ 15500 — Tl

we obtain

Ri]’ = 0, for all i,j = 172.

REVISION EXERCISES

9.4 Consider the coordinate system having coordinates (z!, 2%, 2%) = (¢, 0, z) and position

vector
r = cos ¢(sin @ + cos )iy + sin ¢(sin 6 + cos 0)is + zis,

where i1, io, i3 are the usual Cartesian basis vectors.

(1) Find basis vectors eq, e, €.

(2) Show that this is an orthogonal coordinate system.

Solution: (1) To find the basis vectors e, e2, e3 we use the formula

_or
e, = axz
We have
or 0 : . : . . .
eL= 5= a—¢(cos ¢(sin @ + cos 0)i; + sin ¢(sin  + cos )iy + zi3)
= —sin ¢(sin 0 + cos 0)i; + cos ¢(sin 6 + cos 0)is,
or 0 . . . . . .
e =55 = %(COS ¢(sin 6 + cos 0)i; + sin ¢(sin 6 + cos B)ia + zi3)
= cos ¢(cos — sin )iy + sin ¢(cos O — sin B)io,
or 0 : . . . . .
€= 55 = %(COS @(sin @ + cos 0)i; + sin ¢(sin 6 + cos )iy + zi3)

= is.
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(2) To show that this is a orthogonal coordinate system, we need to show e; - e; = 0,

whenever ¢ # j. In fact

— sin ¢(sin 6 + cos 0) cos ¢(cosf — sin 0)

e1-ex= | cosp(sinf +cosf) | - | sin¢g(cosf — sin@)
0 0
= —sin ¢ cos P(sin @ + cos 0)(cos @ — sin @) + sin ¢ cos P(sin 6 + cos ) (cos @ — sin 0)
=0,
—sin ¢(sin 6 + cos 6) 0
e;-e3= | cosgp(sinf +cosf) | -|0] =0,
0 1

cos ¢(cos f — sin ) 0
ey -e3 = [ sing(cosd —sinf) | - 0] =0.
0 1

9.5 Again, consider the coordinate system of Question
Find the covariant components of the vector
A=—-i+1i

with respect to the basis e, es, ez of Question 9.4

Solution: The covariant components of A are given by A; = A - e;. Thus,

-1 —sin ¢(sin 6 4 cos @)
Ar=1 1 || coso(sinf + cosb)
0 0
= sin ¢(sin @ + cos @) + cos ¢(sin 6 + cos 0)
= (sin ¢ + cos ¢)(sin 6 + cos ),
-1 cos ¢(cos ) — sin §)
Ao =1 1 | - | sin¢p(cosf —sinb)
0 0
= —cos ¢(cos — sinf) + sin ¢(cosh — sin @)
= (sin ¢ — cos ¢)(cos — sin6),
-1 0
As=| 1 ]-(0] =0.

0 1



9.6 Compute the metric coefficients of the arc length and the components of the covariant
metric tensor g;; for the coordinate system of Question [9.4]

Solution: Recall that The element of the arc length of an orthogonal system is

(ds)* = gijda'dx? = gridatda’ + gooda®da® + ggzda®da®.
Let us then compute the components of the covariant metric tensor g;;.

By definition g;; = e; - €;. Thus,

— sin @(sin 6 + cos 6) —sin ¢(sin 6 + cos 6)
gi1=er-e; = | coso(sinf +cosf) | - | cosp(sinf + cos)
0 0

= sin® ¢(sin @ + cos 0)? + cos? ¢(sin 6 + cos 0)?
= (sin? ¢ + cos? ¢)(sin @ + cos 6)>
= (sin 6 + cos 0)?

cos ¢(cosf — sin ) cos ¢(cos ) — sin 0)
g2 =€z -ey = | singp(cosf —sinf) | - | sing(cosf — sin )
0 0

= cos” ¢(cos  — sin 0)* + sin? ¢(cos O — sin 0)?
= (cos? ¢ + sin® ¢)(cos § — sin 6)?

= (cosf — sin §)?

0 0
g3=e3-e3s=[0]-10| =1.
1 1

We are now ready to compute the metric coefficients of the arc length:
(ds)2 = gndetdz! + goodz®da® + gssdada’
= (sin 6 + cos 0)%dz'dz' + (cos O — sin 0)?2?dx? + da®da®
= ((sin® + cos 0)dz)? + ((cos § — sin 0)dz?)? + (dz>)%.

Now, since we also have

(ds)? = (hidz?)? + (hadz®)? + (hada®)?,



the metric coefficients are

h1 =sinf + cos 0, ho = cosf — sin 6, hs = 1.

9.7 Determine all Christoffel symbols of the first and of the second kind for the coordinate
system of Question [9.4

Solution: In Question we computed
g11 = (sin @ + cos )2, g2 = (cos @ — sinh)?, g3 = 1,

hence

11 _ 1 g2 = 1 B =1
(sin@ + cos 0)?’ (cosf — sin6)?’ '

Thus, the only non-zero partial derivative %’Tié“ are

0911

52 = %(sinﬁ + cos0)? = 2(sin § + cos f)(cos § — sin §) = 2(cos® § — sin? f),
29222 = %(cosﬁ —sinf)? = 2(cosf — sinf)(—sinh — cos ) = —2(cos?  — sin? 0)
x

Analysing the formula

F, L= - z
ik = o\ 927 " ozk  Ox
we conclude that the only possibly non-zero Christoffel symbols of first kind are the ones

having two indices 1 and one index 2 or three indices 2.

1 <89ikz 9g9ij agkj>

Let us compute the non-zero Christoffel symbols of first kind.
1 (8921 g2 8911) ~ 19gn

I = — _ _-ZJ
2179\ 92! Ozt 0z2 2 Ox2

1
= —52(0052 6 — sin?#) = sin? 0 — cos® §

oy — L (9922 n 0922 Ogaz\ _ 1 (Dg2
2272\ 022 " 922 022 ) 2\ 02

(—2(cos? @ — sin? 0)) = sin® § — cos? 4.

DO |

Using Ricci’s Theorem, we get

0921

To11 + o1 = Dl

= ()7
Thus,

[i91 = —T911 = cos®§ — sin? 6.
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Using that the Christoffel symbols are symmetric in the last two indices, we get

F112 = F121 = COS2 0 — sin2 0.

We conclude
911 = sin? 6 — cos® 6
Ty99 = sin? 6 — cos? 0
Iy9; = cos’® 6 —sin? 6
[y19 = cos® 6 — sin? 6

I'ijr =0,  for all other values of (7,7, k).

To find the Christoffel symbols of second kind, we use the formula

T = 9" Ty

Thus,
1
2, — QEF _ : 20 o 26
E (cosf — sin )2 (sin cos”0)
1
- m(sin@ — cos0)(sinf + cos )
_ sinf + cos 6

cosf —sinf

1 .
12, = g¥Tyoy = (cosd—sm)? (sin? @ — cos? 6)
_ sin 0 + cos 6
cosf —sinf
1

Iy, =g = (cos?# — sin® 6)

(sin @ + cos 6)?
cos ) —sin 6

sin @ + cos 6
cosf —sinf
ry, =T, ="
21 127 6inf + cos @

Fijk =0, for all other values of (3, j, k).

9.8 Determine the following Riemann-Christoffel tensors for the coordinate system of Ques-
tion
R1122, and RT’L]]{}
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Solution: We have that

0 0
Blijn = gt i~ gl o+ Dael "y = Tl
Thus,
0 1o}
Rljpy = @Plzl - @Fllz + Fpl2rlp2 - Fpmlﬂm
= 11][12111192 - F1012111;;2
= 11112F112 + F212]-“122 - F112F112 - 11212I‘122
=0.
Moreover,
0 0

1 1 1 1
Ry = o1l 21 —@F 1+ T, =TT,

0 [cosf —sind
" Ox! <sin0+ cos
0 [cosf —sind

~ ox! <sin9 + COS¢9>

(—sin® — cos @) (sinf + cos ) — (cos @ — sin @) (cos O — sin 0)
- (sin@ + cos 0)?

—sin? 60 — 2sinf cosf — cos? 6 — cos? 6 + 2sin O cos @ — sin® 0

(sin @ + cos 0)?
—2(sin? 6 + cos? 0)
 sin?6 + 2sinf cos 6 + cos? 6
—2

14 2sinfcosf

) + T,Ih) 4+ +T3,TY, =TT, — T30,




	
	
	
	
	
	
	
	

